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Abstract

Equilibria in auctions can be very difficult to analyze, beyond the symmetric

environments where revenue equivalence renders the analysis straightforward.

This paper takes a robust approach to evaluating the equilibria of auctions.

Rather than identify auction equilibria under specific environmental conditions,

it considers worst-case analysis, where an auction is evaluated according to the

worst environment and worst equilibrium in that environment. It identifies a

non-equilibrium property of auctions that governs whether or not their worst-

case equilibria are good for welfare and revenue. This property is easy to

analyze, can be refined from data, and composes across markets where multiple

auctions are run simultaneously.

1 Introduction

This paper takes a robust approach to the analysis of auctions. We consider common

non-truthful mechanisms, such as first-price and all-pay auctions. Such mechanisms

∗This paper provides an economic interpretation on results presented in an extended abstract

under the title “Price of Anarchy for Auction Revenue” at the fifteenth ACM Conference on Eco-

nomics and Computation (Hartline et al., 2014). We thank Vasilis Syrgkanis for comments on a prior

version of this paper for which simultaneous composition did not hold, for suggesting the study of

simultaneous composition, and for perspective on price-of-anarchy methodology.
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are not typically welfare- or revenue-optimal, and the degree of suboptimality varies

with the structure of equilibrium, which in turn depends delicately on the informa-

tional and behavioral assumptions placed on agents. To measure equilibrium perfor-

mance we study the welfare or revenue, as a fraction of the optimal welfare or revenue.

Placing minimal assumptions on agent behavior, we define a mechanism’s robust effi-

ciency to be the fraction of optimal performance it attains in the worst case over all

equilibria. Quantifying over all equilibria avoids the analytical difficulties of solving

for equilibrium explicitly; namely, the direct analysis approach can be intractable in

asymmetric settings, and may not generalize well. Measuring efficiency as a fraction

of optimal performance yields bounds that are invariant for environments at different

scales.

The robust perspective requires us to identify common sources of inefficiency

across environments. Classical economic analyses identify two main drivers of in-

efficiency: (a) externalities or inter-agent complementarities and (b) incomplete in-

formation. The analysis of this paper decomposes the performance of auctions into

two terms: competitive efficiency quantifies the degree to which inter-agent com-

plementarities cause losses in performance and individual efficiency quantifies the

degree to which incomplete information causes losses in performance. A mechanism’s

robust welfare and revenue can be bounded by a combination of these two quantities.

Moreover, this guarantee is tight for several natural environments, yielding an exact

characterization of robust performance.

The analysis of the paper further characterizes the relative contribution of poor

competitive and individual efficiency to performance loss. Competitive efficiency, as

we define it, is a central determinant of an auction’s performance. Individual effi-

ciency is a secondary concern. Competitive efficiency can be low when inter-agent

complementarities are significant, and mechanisms that are more competitively effi-

cient reduce the impact of such externalities. On the other hand, individual efficiency

— which quantifies the impact of incomplete information — is always relatively high,

though it varies with agents’ degree of best response or the payment format; e.g.

mechanisms with the winner-pays-bid payment format are more individually efficient

than those with the all-pay payment format. Applying the philosophy of approxi-

mation (Hartline, 2012, 2013) to these two concerns: inter-agent complementarities
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are a critical feature to be treated carefully in mechanism design while incomplete

information is more of a detail.

We will illustrate competitive efficiency and individual efficiency through the ex-

ample of the first-price auction, where the framework is simple to describe. Sub-

sequent developments will then generalize to much richer environments and auction

formats. To illustrate competitive efficiency, consider any set of bids in a first-price

auction. For each agent and this fixed set of bids, there is a minimum bid that serves

as a threshold for whether the agent wins or loses. Consider two quantities: (a) the

revenue of the auction for the given bids and (b) the optimal welfare if each agent’s

value was equal to their threshold. Quantity (b) measures the level of competition in

the auction. The competitive efficiency µ is the worst case over bids of the ratio of

(a) to (b). This number is at most 1, and numbers closer to 1 are more efficient. For

the first-price auction this ratio is exactly µ = 1. The revenue is the highest bid and

the thresholds of all losers are equal to the highest bid. Thus, the two terms, (b) the

optimal welfare from thresholds and (a) the revenue from bids, are the same.

Even mechanisms that are competitively efficient may lose efficiency due to the in-

ability of agents to precisely respond to thresholds, i.e., due to incomplete information.

Returning to the example of first price auctions, with deterministic concepts like pure

Nash equilibrium, an agent’s threshold is deterministic, and the agent can respond

efficiently. On the other hand, in stochastic equilibrium concepts like Bayes-Nash

equilibrium, the threshold an agent faces is stochastic, and the agent cannot respond

efficiently. Specifically, when the threshold is below the agent’s value the agent would

prefer to bid just above the threshold; however, this threshold varies randomly and

the agent must place a single bid. Meanwhile, the threshold represents the seller’s

outside option, generated by other agents in the auction. An agent’s inability to

respond precisely thus results in performance loss from misallocation. We quantify

this loss as the individual efficiency η, defined subsequently, which depends on how

agents respond to their bidding problem and varies with the equilibrium notion (e.g.,

pure Nash or Bayes-Nash), degree of best response (e.g. exact or approximate), and

payment format (e.g., winner-pays-bid or all-pay).

This paper’s main results bound robust performance in terms of the individual

efficiencies of the agents and the competitive efficiency of the mechanism. The main
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welfare analysis of this paper proves that, broadly, the fraction of the optimal welfare

of an auction in equilibrium is at least the product of the mechanism’s competitive

efficiency and the individual efficiency of the agents’ best response problems. For

example, we will show that the individual efficiency of the agent’s response for pure

Nash equilibria in winner-pays-bid mechanisms is η = 1. Combined with the compet-

itive efficiency of µ = 1 for the first-price auction, we see that pure Nash equilibria

in the first-price auction are fully efficient, i.e., they obtain a ηµ = 1 fraction of the

optimal welfare. (More precisely, pure Nash tend not to exist in the first-price auc-

tion, but the same result approximately holds for approximate pure Nash which exist;

details given subsequently.) Turning to revenue analysis, the main result of the paper

shows that the fraction of the optimal revenue of an auction with appropriate reserve

prices in equilibrium is at least half the product of its competitive efficiency and the

agents’ individual efficiency. Below, we summarize the paper’s specific individual and

competitive efficiency analyses, starting with individual efficiency.

Individual efficiency is a property of the agents’ bidding decisions that takes

into account the incompleteness of information and structure of the agents’ best

response problems. Fixing the mechanism, it is a property of the distribution of

single-agent allocation rules an agent faces, the agent’s chosen bids, and the cor-

relation between these two. For winner-pays-bid mechanisms, we analyze full- and

incomplete-information bidding problems under exact and approximate best response.

We also consider all-pay mechanisms under incomplete information. In more detail,

we show:

• η = 1 when agents best respond to a fixed, threshold allocation rule with the

winner-pays-bid format. This result is applicable to pure Nash equilibria in

deterministic auctions for allocating indivisible goods, such as the first-price

auction, when such equilibria exist.

• η = 1−1/e ≈ 0.63 when agents best respond to distributions of general allocation

rules with the winner-pays-bid format. This result is applicable to Bayes-Nash

equilibria and, more generally, Bayes correlated equilibria with arbitrary infor-

mation structures.

• η = 1/2 when agents best respond to distributions of general allocation rules
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with the all-pay format. This bound only holds with respect to a weakened

notion of individual efficiency.

• The above results extend to approximate best response: a multiplicative (1− ε)
degradation of best response implies at most a multiplicative (1 − ε) loss in

individual efficiency. For example, we obtain η = (1 − ε) for fixed threshold

rules of winner-pays-bid mechanisms. This addresses the issue that exact, pure

Nash equilibria tend not to exist in mechanisms such as the first price auction.

These results quantify the role of incomplete information in the loss of efficiency.

When information is complete (in payoffs, actions of opponents, and rules of the

mechanism), best-response bids are fully efficient. On the other hand, with incomplete

information the agent’s best-response bids can be inefficient, but that inefficiency is

bounded by a constant. As mentioned above, bidding problems with the winner-

pays-bid format mitigate informational inefficiencies more than those with the all-pay

payment format.

Competitive efficiency is a property of the rules of the auction that map bids to

winners and payments. Up to variation due to individual efficiency, discussed above,

the robust efficiency of a mechanism is approximately governed by its competitive

efficiency. Thus analysis of robust welfare and revenue of an auction approximately

reduces to analysis of its competitive efficiency. To aid in the analysis of competitive

efficiency we develop a number of closure properties.

• Competitive efficiency in winner-pays-bid mechanisms is closed under reserve

pricing, i.e., the competitive efficiency of a mechanism without reserve prices

is equal to the competitive efficiency of the mechanism with the worst reserve

prices.

• Competitive efficiency is closed under randomizations of mechanism, agent se-

lection (captured by the prior), and correlated signaling, i.e., the competitive

efficiency of any randomized mechanism on any randomized set of agents and

with any information structure is at least the competitive efficiency of the worst

mechanism in the combination, set of agents, and information structure. As

a consequence, the worst-case competitive efficiency is attained at degenerate

randomizations over mechanisms and degenerate information structures. To
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characterize the competitive efficiency of such families of randomizations, it

consequently suffices to analyze the competitive efficiency of simple mechanisms

under full information.

• Competitive efficiency in all-pay mechanisms with deterministic allocation rules

is at least that in the winner-pays-bid mechanisms with the same allocation

rules.

• Competitive efficiency is closed under simultaneous composition (with indepen-

dent bids and a value-independent information structure), i.e., the competitive

efficiency of a composite mechanism where a set of mechanisms are run in par-

allel is at least the competitive efficiency of the worst mechanism in the set.

(In this composition, agents are assumed to be unit-demand, but can bid in

multiple mechanisms at once if it is in their best interest.)

These closure properties imply that it is generally sufficient to analyze competitive

efficiency of deterministic mechanisms with deterministic priors. Such analyses are

fairly straightforward compared to more technically involved analyses of stochastic

equilibrium concepts.

The following winner-pays-bid mechanisms have competitive efficiency µ = 1.

Intuitively, agents in these environments are one-for-one substitutes:

• Single-item multi-unit unit-demand highest-bids-win mechanisms, i.e., there are

k identical units for sale and they are allocated to the k highest bidders. (Note

that the first-price auction is the special case where k = 1.)

• Rank-by-bid position auctions, i.e., there are k positions with descending weights,

and the highest k bidders are assigned to these k positions in order of bid. The

agent in the jth highest position receives a unit with probability equal to the

jth position weight. (The k-unit auction is a special case where the top k posi-

tion weights are all 1.) The position auction model was popularized by Varian

(2007) and Edelman et al. (2007) who study auctions for advertising on Internet

search engines.

• (Single-bid) highest-bids-win matching markets, i.e., there are m items and n

bidders who each desire a single item from a known subset of the items. The
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highest-bid-wins rule selects the bidders to match to maximize the sum of the

matched bids.

• (Multiple-bid) per-item highest-bids-win matching markets, i.e., there are m

items and n bidders who each desire a single item from a known subset of

items. Bids are submitted for each item, and the highest bidder for each item

wins it. (For this result, values must be independently distributed, and the

information structure must be independent of values.)

These results all follow from a single analysis of the competitive efficiency of

allocation rules based on greedy algorithms and the above closure properties. Greedy

algorithms order the agents by a function of their bids and then allocate to each one in

turn, if doing so is feasible. For complicated optimization problems, greedy algorithms

are not generally optimal. Our main analysis of competitive efficiency shows that the

non-strategic efficiency of the greedy algorithm, i.e., the fraction of the optimal welfare

it obtains in non-strategic environments, lower bounds its competitive efficiency. The

results listed above follow because the greedy algorithm is non-strategically efficient

for these environments. Notice that the k-unit highest-bids-win allocation rule is given

by the greedy-by-bid algorithm. The highest-bids-win rule for (single-bid) highest-

bids-win matching markets can also be implemented greedily. The result for rank-by-

bid position auctions additionally views the position auction as a convex combination

of multi-unit auctions and invokes the closure of competitive efficiency under convex

combinations. The result for multiple-bid per-item matching markets follows from

the closure under simultaneous composition of the first-price auction.

The competitive efficiency of mechanisms can be very low when externalities be-

tween agents are many-for-one complementarities. The classic environment where

agents are complements is the single-minded combinatorial auction. Here there are

n agents and m items and agents each desire the entirety of known subsets of items.

Feasible allocations serve agents with non-overlapping demand sets. The competi-

tive efficiency of highest-bids-win single-minded combinatorial auctions is 1/m and

indeed winner-pays-bid highest-bids-win auctions possess equilibria that are 1/m ef-

ficient. A classical result from the computer science literature on algorithm design,

however, shows that there is a greedy algorithm for the single-minded combinatorial
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allocation problem that is 1/
√
m efficient;1 thus the winner-pays-bid auction with

this greedy bid allocation rule is 1/
√
m competitively efficient. Explicitly designing

mechanisms to maximize competitive efficiency can significantly reduce the impact of

externalities.

1.1 Related Work

In symmetric environments in the canonical independent private value model the

second-price, first-price, and all-pay auctions with or without reserves are both welfare

and revenue equivalent (Myerson, 1981). In asymmetric models, they are not equiv-

alent, and their equilibria, even under the simplifying assumption that the agents’

values are uniformly distributed (but asymmetrically with different supports), are

very difficult to derive (Kaplan and Zamir, 2012).

An approach from computer science for understanding the potentially complex

equilibria of auctions is to give robust bounds on equilibria that do not require ex-

actly identifying an equilibrium. This literature analyzes the robust efficiency, a.k.a.

the “price of anarchy,” of games and mechanisms. Within this literature, this paper

builds on the “smooth games” framework of Roughgarden (2009) and the “smooth

mechanisms” extension of Syrgkanis and Tardos (2013). In this context, the present

paper refines the smoothness framework for Bayesian games in two notable ways.

First, it decomposes smoothness into two components, separating the consequences

of best-response (individual efficiency) from the specifics of a mechanism (competi-

tive efficiency). The former quantifies losses due to incomplete information and the

latter quantifies losses due to externalities between agents. Second, the framework

is compatible with the analysis of auction revenue by Myerson (1981) and allows for

robust bounds on the equilibrium revenue of auctions.

There are two subsequent works with strong connections to this paper’s decompo-

sition of robust efficiency into competitive efficiency and individual efficiency. First,

1Computer scientists study greedy algorithms like this one in part because computing the allo-

cation that maximizes the sum of winning bids is believed to be computationally intractable. Thus,

we see that greedy algorithms should be preferred as allocation rules for auctions both for their

computational tractability and for their competitive efficiency. See Hartline and Lucier (2010) and

Akbarpour et al. (2021) for analyses of truthful mechanisms based on greedy rules.
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Dütting and Kesselheim (2015) show that competitive efficiency, which they call “per-

meability,” is in fact a necessary condition (we show sufficiency) for the equilibrium

welfare of a mechanism to be proven to be good via the smoothness framework. Sec-

ond, Hoy et al. (2015) show how to derive empirical welfare bounds by measuring the

degree to which competitive efficiency and individual efficiency hold, without needing

to infer the agents’ true values.

Recently, the economics literature has also seen a number of robust treatments of

mechanisms. The main distinction between this literature and the present paper is

that this literature focuses on absolute performance whereas the present paper (and

the computer science literature discussed previously) focuses on robust performance

relative to the optimal mechanism. This difference is significant as absolute robust

analysis generally focuses on the settings were the optimal performance is the lowest.

On the other hand, analysis relative to the optimal performance requires that the

performance is close to what is possible in the non-robust problem, and is invariant

to the scale. The relative framework should be preferred when the range of the

optimal performance varies significantly or robustness is required at all scales.

The robust analyses in economics identify mechanisms with good worse-case rev-

enue when there is ambiguity with respect to key aspects of the models. For example,

Carroll (2017) considers a revenue maximizing seller with multiple items and a buyer

with values distributed according to known marginals. The correlation structure is

ambiguous. He shows that the max-min mechanism is a linear pricing. Brooks and

Du (2021) consider the design of revenue-optimal common-value auctions that are

robust across information structures.

In the robust mechanism design literature, the most-related works give lower

bounds on the performance of standard mechanisms under permissive assumptions

on the beliefs of agents. Bergemann et al. (2017) consider a robust analysis of the

revenue in a first-price auction with respect to the information structure of the agents.

They derive tight lower bounds on this revenue based on a characterization of the

minimum distribution over winning bids. In contrast, though our welfare bounds are

tight, our revenue bounds are loose. Bergemann et al. (2019) give worst-case, over

information structure, revenue rankings of standard auction formats. In contrast,

the bounds of this paper are relative to the optimal performance and apply broadly
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beyond single-item auctions.

Another strand of literature derives revenue guarantees for the welfare-optimal

Vickrey-Clarke-Groves (VCG) mechanism in asymmetric environments. Hartline and

Roughgarden (2009) show that VCG with monopoly reserves, a carefully chosen

anonymous reserve, or duplicate bidders achieves revenue that is a constant approx-

imation to the revenue optimal auction. Dhangwatnotai et al. (2010) show that the

single-sample mechanism — essentially VCG using a single sample from the distribu-

tion as a reserve — achieves approximately optimal revenue in broader environments.

Roughgarden et al. (2012) showed that for several settings including matching envi-

ronments, limiting the supply of items in relation to the number of bidders gives a

constant approximation to the optimal auction. See Hartline (2013) for a survey of

results in this area.

In the computer science literature a canonical robust mechanism design problem is

that of maximizing the ratio of the revenue from a single-item auction to the optimal

auction in the worst case over valuation distributions of the agents. This problem

was posed by Dhangwatnotai et al. (2015), further considered by Fu et al. (2015) and

Allouah and Besbes (2020), and optimally solved by Hartline et al. (2020). These

papers aim to design optimal incentive compatible mechanisms. In contrast, the

present paper gives robust analyses of standard mechanisms (which are not incentive

compatible).

2 Framework Overview

This paper develops a framework for analyzing auction equilibria that is robust to

variation in agents’ priors, information structures, and degree of best response. Before

developing the framework in full generality, this section presents a simplified version.

For the simplified version, we restrict attention to deterministic mechanisms for 0-

1 allocation environments under full information and pure strategies. Under these

assumptions, we define the framework’s two components, competitive efficiency and

individual efficiency, and show how they together imply welfare guarantees. We also

illustrate the framework with three examples.

The simplified framework focuses on single-bid mechanisms: each of n agents i
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places a real-valued bid bi. Given the profile of bids b = (b1, . . . , bn), the mechanism

selects an allocation x̃(b) = (x̃1(b), . . . , x̃n(b)) and nonnegative real-valued payments

p̃(b) = (p̃1(b), . . . , p̃n(b)). Agent i has a value vi, and gets linear utility ũi(b) =

vix̃i(b)− p̃i(b). For the example of the single-item first-price auction, x̃i(b) = 1 if i

is the highest bidder (excepting ties) and otherwise 0, and p̃i(b) = bix̃i(b). Denote

by X the set of feasible allocation vectors: for a single-item auction, X is the set of

vectors in {0, 1}n with at most a single 1. We focus in this section on X ⊆ {0, 1}n,

and deterministic mechanisms, i.e. we do not allow nontrivial randomization of x̃(b)

over X . The social welfare is given by
∑

i vix̃i(b), which we compare to the welfare

of the optimal allocation x∗ ∈ arg maxx∈X
∑

i vixi, denoted by Opt(v).

The two components of the framework are competitive efficiency and individual

efficiency. To define both components, we first establish a measure of agents’ competi-

tion. In a deterministic single-bid mechanism, we measure competition by considering

each agent’s threshold bid, defined as the infimum bid they could place and still win,

denoted b̂i(b−i) = inf{b | x̃i(b,b−i) = 1}. A high threshold implies that allocation is

costly, and hence competition is strong. Competitive efficiency then quantifies the

extent to which aggregate competition between agents translates into revenue for the

auctioneer. We measure aggregate competition by the maximum total threshold of

any feasible allocation, Opt(b̂) = maxy∈X
∑

i b̂i(b−i)yi, and compare this to the to-

tal payments Rev(M,b) =
∑

i p̃i(b) to obtain a ratio Rev(M,b)/Opt(b̂), which

is at most 1 for the mechanisms we consider. We take this ratio in the worst case

over bid profiles to obtain the competitive efficiency. The resulting quantity does not

depend on the informational or behavioral assumptions placed on the agents. It can

be computed directly from the rules of the auction.

Definition 2.1. The competitive efficiency of a deterministic single-bid mechanism

M for a 0-1 allocation environment is the worst-case ratio of revenue to optimal

threshold surplus over any bids b (implicitly inducing threshold bids b̂), i.e.:

µ = minbRev(M,b)/Opt(b̂).

Individual efficiency, meanwhile, measures how efficiently each agent responds

to their competition. The efficiency of an agent’s response depends on the agent’s

information and how closely they maximize their utility. It also depends on the way
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they are able to trade off allocation and payment, which is dictated by the auction’s

payment format: best responses to the same set of bids will be different in an all-

pay versus a first-price auction. We abstract these factors away from the inter-agent

competition of the mechanism by considering single-agent responses to single-agent

bidding problems. The restricted definition below suffices for the full-information

setting of this overview.

Definition 2.2. A single-agent signal-free bidding outcome O = (v, x̃, p̃, b) is given

by a value v, a bid b, and a single-agent mechanism with allocation rule x̃ (mapping

bids to allocation levels in [0, 1]) and payment rule p̃ (mapping bids to nonnegative

payments). The agent’s utility for any bid b† is ũ(b†) = vx̃(b†) − p̃(b†). The agent’s

utility for their chosen bid is denoted u(O) = ũ(b).

In full-information equilibrium, each agent’s perspective projects down to a single-

agent bidding outcome. With full information and pure strategies, bids are determin-

istic. If tiebreaking is additionally deterministic, then the corresponding single-agent

allocation rule x̃ has values in {0, 1}, and the agent’s threshold bid b̂ again measures

the strength of their competition. For a single-agent bidding outcome to be efficient,

it must be that whenever the agent’s competition is weak, they obtain high utility.

Whenever their utility is low, competition must be strong. The following definition

makes this tradeoff precise for the simplified setting.

Definition 2.3. The weak individual efficiency of a single-agent signal-free bidding

outcome O with allocations in {0, 1} is the ratio (u(O) + b̂)/v. The weak individ-

ual efficiency of a family of single-agent bidding outcomes is the smallest individual

efficiency of any outcome in the family.

In Section 6.1 we present a stronger version of individual efficiency which general-

izes beyond the simple settings of this overview. Before using competitive efficiency

and individual efficiency for welfare analysis, we instantiate each for an example.

Example 2.4 (Single-Item First-Price Auction, Pure Nash Equilibrium). In a single-

agent first-price auction, each agent submits a bid bi. The single item is awarded to

the highest bidder, who pays their bid. We consider full-information pure-strategy
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equilibria, where each agent i has a commonly-known value vi. Tiebreaking is deter-

ministic.2

Lemma 2.5. The competitive efficiency of the single-item first-price auction is 1.

Proof. For first-price auction M on bids b, the following equalities prove the lemma:

Opt(b̂) = max
y∈X

∑
i
b̂i(b−i)yi = max

i
b̂i(b−i) = max

i
max
j 6=i

bj = max
i
bi = Rev(M,b).

We next analyze individual efficiency. With deterministic tiebreaking, the induced

single-agent allocation rules step up from 0 to 1 at b̂, taking either value at exactly

b̂. In pure Nash equilibrium, each agent best responds to their threshold bid, and the

induced bidding outcomes have full individual efficiency.

Lemma 2.6. For single-agent winner-pays-bid outcomes where x̃ takes values in

{0, 1} and b is a best response, the weak individual efficiency is 1.

Proof. By assumption, b maximizes the agent’s utility. If x̃(b̂) = 1, then the lemma

holds immediately, as u(O) = maxb† ũ(b†) ≥ ũ(b̂) = v − b̂. More generally, for all

x̃(b̂) ∈ {0, 1}, for any δ > 0 we have

u(O) = maxb† ũ(b†) ≥ ũ(b̂+ δ) = v − b̂− δ.

Taking δ → 0 again implies the stated individual efficiency guarantee.

Having illustrated the components of the framework, we now combine them to

obtain robust welfare guarantees. The welfare in equilibrium is the total value of the

winners. Equivalently, it is the utility of the agents plus the utility of the auctioneer,

in the form of revenue. Competitive efficiency and individual efficiency together give

a tradeoff between these quantities. High individual efficiency implies that agent

utilities are only low if competition is high. High competitive efficiency implies that

competition is high only if revenue is high. The following theorem makes this precise.

2The existence of pure Nash equilibrium of the first-price auction depends on the choice of

tiebreaking rule. The results of this section apply whenever equilibrium exists. For example, a

sufficient condition for existence under lexicographic tiebreaking is that agent 1 has the highest

value. Furthermore, Section 2.2 below demonstrates that the framework is robust to approximate

best response and hence implies results for ε-Nash equilibria, which always exist in first-price auctions

regardless of tiebreaking (Bich and Laraki, 2017).
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Theorem 2.7. Let M = (x̃, p̃) be a deterministic mechanism for a 0-1 alloca-

tion environment with competitive efficiency µ ≤ 1, and let b be an equilibrium

for value profile v. If for each agent i, the induced single-agent bidding outcome

(vi, x̃i(·,b−i), p̃i(·,b−i), bi) has weak individual efficiency at least η and nonnegative

agent utility, then the welfare of M for equilibrium b is at least a µη-fraction of the

optimal surplus: ∑
i
vix̃i(b) ≥ µηOpt(v). (1)

Proof. Let x∗ ∈ arg maxx∈X
∑

i vixi be a 0-1 vector maximizing welfare. For any

agent i with x∗i = 1, weak individual efficiency implies that

ũi(b) + b̂i(b−i)x
∗
i ≥ ηvix

∗
i . (2)

Meanwhile for i with x∗i = 0, inequality (2) holds by nonnegativity of agent utilities.

Summing over agents and applying competitive efficiency, we obtain:∑
i
ũi(b) + 1

µ
Rev(M,b) ≥

∑
i
ũi(b) +

∑
i
b̂i(b−i)x

∗
i ≥ η

∑
i
vix
∗
i .

Since the revenue and utility sum to the welfare
∑

i vix̃i(b), and since µ ≤ 1, we

obtain the desired welfare guarantee (1).

As an example, Theorem 2.7 implies the following well-known result.

Corollary 2.8. In the single-item first-price auction with deterministic tiebreaking,

pure Nash equilibria are efficient whenever they exist (e.g. with lexicographic tiebreak-

ing and v1 = maxi vi).

We conclude the overview with two examples which illustrate the way competitive

efficiency and individual efficiency vary across mechanisms and solution concepts.

2.1 Single-Minded Combinatorial Auctions

In multi-item environments, fixing a payment format such as winner-pays-bid, there

may be many natural rules for selecting winners. The example below demonstrates

how competitive efficiency allows for comparison of these different mechanisms with

respect to robust welfare, up to the individual efficiency of the solution concept. We

consider two winner-pays-bid mechanisms for the following multi-item environment

with complementarities:
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Definition 2.9. A single-minded combinatorial auction (SMCA) feasibility environ-

ment is defined by m indivisible items, n agents that each desire a known a bundle of

items, and the constraint that no item can be allocated more than once. Agent i desires

the set of items Si: she receives value vi for receiving any superset of Si and value

0 otherwise. An allocation vector x ∈ {0, 1}n is feasible if and only if for all agents

i 6= i′, simultaneous allocation xi = xi′ = 1 implies disjoint demands Si ∩ Si′ = ∅.

One natural allocation rule is to maximize the bid surplus of the winners.

Definition 2.10. The highest-bids-win rule allocates the feasible set of bidders with

the highest total bid: x̃(b) = arg maxx∈X
∑

i bixi.

The following example demonstrates that the winner-pays-bid highest-bids-win

mechanism has low competitive efficiency.

Lemma 2.11. For any number m of items, there exists an m-item SMCA environ-

ment where the winner-pays-bid mechanism with the highest-bids-win allocation rule

has competitive efficiency at most 1/m.

Proof. Consider an auction with m + 1 agents. Let Si = {i} for i ∈ {1, . . . ,m} and

Sm+1 = {1, . . . ,m}. Agent m + 1 is mutually exclusive with any subset of the other

agents. Consider the bid profile (0, . . . , 0, 1). Agent m + 1 wins the auction and

pays their bid, yielding Rev(M,b) = 1. Meanwhile the thresholds can be computed

as b̂ = (1, . . . , 1, 0). The threshold surplus is maximized by choosing the feasible

allocation y = (1, . . . , 1, 0), and hence Opt(b̂) = m. Consequently, the competitive

efficiency is at most 1/m.

We see from the example of Lemma 2.11 that the highest-bids-win rule inefficiently

converts competition into revenue. Agent m+ 1 simultaneously competes with many

other agents, all of whom could be feasibly allocated, namely 1, . . . ,m. Meanwhile,

this agent generates very little revenue for the mechanism. As the following lemma

shows, we can modify this example to obtain an equilibrium with low welfare. To do

so, we introduce a additional agent to incentivize the desired bidding behavior.

Lemma 2.12. For any m, there exist pure Nash equilibria of an m-item winner-pays-

bid highest-bids-win mechanism with welfare a 1/m factor of optimal.
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Proof. Consider an auction with m + 2 agents. Let Si = {i} for i ∈ {1, . . . ,m} and

Sm+1 = Sm+2 = {1, . . . ,m}. When all agents have value vi = 1, and when ties are

broken in favor of agent m+1, then the bid profile (0, . . . , 0, 1, 1) is a Nash equilibrium

for the highest-bids-win mechanism. Agent m + 1 wins all items, yielding welfare of

1. The optimal allocation serves agents 1, . . . ,m and has welfare m.

Lemma 2.12 shows that the highest-bids-win mechanism possesses equilibria with

very low welfare. This is despite the fact that if agents bid their values, the highest-

bids-win mechanism produces optimal allocations; welfare is lost due to poor incen-

tives. We next consider a mechanism which allocates using a greedy heuristic. This

heuristic will often produce a suboptimal allocation if agents bid their values. How-

ever, the mechanism will lack the pathologies that led to low-welfare equilibria under

highest-bids-win allocation. Specifically, we study a greedy by priority rule: define the

priority of an agent i with bid bi and desired bundle Si to be ψi(bi) = bi/
√
|Si|. The

greedy rule considers the agents in nonincreasing order of priority, and allocates them

if their desired items are available. In Section 4.3, we analyze the winner-pays-bid

mechanism with this rule and derive the following result.

Lemma 2.13. The competitive efficiency of the winner-pays-bid mechanism for the

greedy by priority rule with priority ψi(bi) = bi/
√
|Si| is at least 1/

√
m.

If agents bid their values, the greedy by priority rule can be as much as a
√
m

factor away from optimal (Lehmann et al., 2002). Theorem 2.7 implies, then, that this

welfare loss from suboptimal allocation is in fact the only source of robust performance

loss in pure Nash equilibrium.

2.2 Approximate Best Response

Recall that competitive efficiency depends only on the rules of the mechanism, while

individual efficiency quantifies the influence of agents’ behavior and information on

the welfare of equilibria. In particular, individual efficiency measures how efficiently

agents solve their individual bidding problems. With deterministic bids and alloca-

tions, an agent can respond to their competition fully efficiently. Under approximate

rather than exact best response, the efficiency of equilibria will degrade. The analysis
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below quantifies the degradation of individual efficiency with the degree of best re-

sponse, and bounds the corresponding degradation in equilibrium efficiency. We first

define approximate best response for mechanisms and single-agent bidding outcomes.

Definition 2.14. Given bid profile b, agent i’s bid satisfies (1 − ε)-best response if

for all alternative bids b†i , ũi(b) ≥ (1− ε)ũi(b†i ,b−i). Similarly, a single-agent bidding

outcome O = (v, x̃, p̃, b) satisfies (1 − ε)-best response if u(O) ≥ (1 − ε)ũ(b†) for all

alternative bids b†.

The following lemma shows that an agent’s individual efficiency degrades linearly

with their degree of best response.

Lemma 2.15. For winner-pays-bid outcomes (v, x̃, p̃, b) where x̃ takes values in {0, 1}
and b is a (1− ε)-best response, the weak individual efficiency is at least 1− ε.

Proof. The proof generalizes that of Lemma 2.6. By Definition 2.14, the chosen bid

b obtains at least a (1 − ε)-fraction of that from bidding just above the threshold b̂.

Hence for any δ > 0,

u(O) + b̂ ≥ (1− ε)ũ(b̂+ δ) + b̂ ≥ (1− ε)(ũ(b̂+ δ) + b̂) ≥ (1− ε)(v − δ).

Taking δ → 0 implies the desired individual efficiency guarantee of (1− ε).

Lemma 2.15 implies that the welfare of approximate Nash equilibria degrades at

worst linearly with the degree of best response of agents. In particular, the bound

on the welfare loss has no dependence on the number of agents. Moreover, note that

approximate equilibria always exist, in contrast to exact equilibria.

Corollary 2.16. Let M be a deterministic winner-pays-bid mechanism for a 0-1

allocation environment with competitive efficiency µ ≤ 1, and let b be an ε-Nash

equilibrium for value profile v. Then the welfare of M for b is at least a µ(1 − ε)-

fraction of optimal.

Corollary 2.17. The welfare of any ε-Nash equilibrium of the first-price auction with

any deterministic tiebreaking is at least a (1− ε)-fraction of optimal.

We conclude the example by noting that we only varied agents’ degree of best

response, and held fixed the winner-pays-bid payment format and the assumption

17



of full information. Section 5 further considers the impact of incomplete information

over values and bids, more general information structures, and changes to the payment

format of the mechanism.

3 Preliminaries

The remainder of the paper extends the framework sketched in Section 2 to more

general families of mechanisms and equilibria. Section 2 restricted to deterministic

winner-pays-bid mechanisms under full information, and hence deterministic bids and

values. This section gives notation necessary for mechanisms and equilibria beyond

these restrictions.

A mechanism for single-parameter agents generally consists of action spaces Ai for

each agent i (and joint action space A =
∏

iAi), an allocation rule x̃, and a payment

rule p̃. Given the profile a of actions selected by each agent, the mechanism computes

an allocation level x̃i(a) ∈ [0, 1] and payment p̃i(a) ∈ R for each agent i, with x̃(a)

and p̃(a) describing the full profiles of allocations and payments, respectively. For

mechanisms which randomize over allocations, we overload notation, letting x̃i(a)

denote i’s expected level of service. For indivisible goods, x̃i(a) therefore captures

agent i’s probability of allocation. Each agent i has a value vi for service, and linear

utility ũvii (a) = vix̃i(a) − p̃i(a). We omit the superscript vi when it is clear from

context.

We allow a broad range of solution concepts within the private values model,3 and

define an equilibrium to be a joint distribution over actions and values. Formally, let

V = V1 × . . . × Vn ⊆ Rn
+ be the space of n-agent value profiles. An equilibrium is

a joint distribution G over V × A, which may be correlated across agents’ actions,

agents’ values, or between actions and values. Different solution concepts will impose

different best response and independence conditions on these distributions. We use B
and F to denote the marginal distributions over the action profile a and value profile

v respectively, with marginal distributions Bi and Fi for agent i. Throughout, we

maintain the agent-normal form interpretation of the distributions: each agent i is

3In particular, values are not interdependent, but may be correlated unless explicitly stated

otherwise.
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selected from a population with distribution Fi, and given selection v the value vi

agents in population i play according to Bi | v. Given mechanism M and equilibrium

G, the two objectives of interest are revenue, given by Rev(M,G) = Ea[
∑

i p̃i(a)], and

welfare, given by Welfare(M,G) = Ev,a[
∑

i ũ
vi
i (a)]+Rev(M,G) = Ev,a[

∑
i vix̃i(a)].

Given a family of equilibria, we pursue robust, or worst-case, approximation anal-

yses, and ask how far from optimal a mechanism can be, quantified over equilibria

for that family. Formally, given value distribution F , denote the optimal expected

welfare by Welfare(Opt,F) = Ev∼F [maxx∈X
∑

i vixi]. Fixing a family of value

distributions F (e.g. point mass, product, or unrestricted), and family of equilibria

EQF(M) for each F ∈ F and mechanism M (e.g. ε-Nash, Bayes-Nash, Bayes coarse

correlated), we study the robust efficiency

min
F∈F,G∈EQF (M)

Welfare(M,G)

Welfare(Opt,F)
.

A high robust efficiency (close to 1) indicates thatM is always nearly efficient, whereas

a very small value suggests a pathology that might rule out M in practice.

For revenue, we assume independently-distributed values, and compare to the

revenue-optimal Bayesian incentive compatible mechanism. Per Myerson (1981), this

optimal mechanism can depend intricately on the prior F over values. Denote the

expected revenue of the optimal mechanism OptF for prior F by Rev(OptF ,F). We

study mechanisms which are prior-independent except for monopoly reserves (defined

formally in Section 6), which depend on much less fine-grained information than the

form of the Bayesian optimal mechanism. For these mechanisms, we study the ratio

min
F∈F,G∈EQF (MF )

Rev(MF ,G)

Rev(OptF ,F)
,

where MF denotes mechanism M endowed with monopoly reserve prices for F .

4 Competitive Efficiency

This section defines and analyzes competitive efficiency in full generality. In partic-

ular, we give a definition which extends beyond the simple settings of Section 2 to

handle uncertainty in the auction environment (which may come from randomized

allocations or random selection of participants in the auction, captured by the value

19



distribution) and reserve prices. Importantly, the general definition will retain the

economic interpretation of Definition 2.1: competitive efficiency quantifies a mech-

anism’s ability to translate competition into revenue, and can be measured directly

from the rules of the auction without dependence on agents’ behavior or beliefs. As in

Section 2, we restrict attention to single-bid mechanisms, but our results will extend

beyond the winner-pays-bid auctions considered in that section.

We first define the appropriate extension of threshold bids beyond the determin-

istic, full-information setting of Section 2. For a mechanism with allocation rule x̃

and a joint distribution G over bids and values, we measure an agent i’s competi-

tion conditioned on their value vi. To this end, define the interim allocation rule

for agent i as their probability of allocation for a bid b conditioned on vi, given by

x̃i(b | vi) = Eb−i | vi [x̃i(b,b−i)]. Define the inverse as ti(x | vi) = inf{b | x̃i(b | vi) ≥ x}.
Definition 4.1, presented below with subsequent motivation, provides the desired ana-

log to threshold bids.

Definition 4.1. For an (implicit) single-bid allocation rule x̃ with (implicit) reserves

r and joint distribution G over bids and values, the competition faced by agent i

with value vi for obtaining allocation yi is summarized by the threshold surplus with

discounted reserve, defined for yi ≥ x̃i(ri | vi) as Ti(yi | vi) =
∫ yi
x̃i(ri | vi) ti(x | vi) dx (and

0 for yi < x̃i(ri | vi).) With reserve denoted explicitly, define T rii (yi | vi). See Figure 1.

The threshold surplus of Definition 4.1 generalizes the simpler notion of threshold

bids in three senses. First, consider a mechanism with deterministic allocations x̃(b) ∈
{0, 1}n. Any distribution G over bids and values induces a distribution over threshold

bids b̂i(b−i) for each agent i, and the interim allocation rule x̃i(· | vi) is the cumulative

distribution function of b̂i(b−i) conditioned on vi. Then the threshold surplus for

yi = 1 is exactly the expected threshold bid for agent i: Ti(1 | vi) =
∫ 1

0
ti(x) dx =

Eb−i | vi [b̂i(b−i)]. Second, note that the threshold surplus Ti(yi | vi) is well-defined even

for mechanisms with randomized allocation rules, as well as for fractional allocation

levels yi ∈ [0, 1], which will be important for environments where feasible allocations

are necessarily randomized. Finally, note that Definition 4.1 discards allocation levels

where the reserve price binds: intuitively, barriers to allocation from reserve prices

do not correspond to competition between agents, which is the quantity of interest.

Next, we generalize competitive efficiency. Competitive efficiency compares rev-
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1

Bid

yi

Ti(yi | vi)

b̂i(b−i)

Bid Allocation Rule

(a) Threshold surplus for a determinis-

tic allocation rule with deterministic bid

profile b. Agent i with value vi has allo-

cation which steps from 0 to 1 at b̂i(b−i).

For desired allocation level yi, the thresh-

old surplus is b̂i(b−i)yi.

T rii (yi | vi)

1

Bid

yi

x̃(ri)

ri

Bid Allocation Rule

(b) Threshold surplus for a randomized al-

location rule with a reserve price. Agent i

with value vi receives no allocation for bids

below ri. Threshold surplus is only counted

for the fraction of allocations above x̃(ri).

Figure 1

enue to threshold surplus for feasible allocations. Definition 2.1 defined competitive

efficiency in terms of deterministic allocations. With randomized values, we now

consider randomized, interim allocations. Taking the view of the value distribution

as defining populations of agents, an interim allocation defines a feasible allocation

probability for each agent in each population. Formally, let y be an ex post alloca-

tion function, mapping value profiles to feasible allocations y(v) ∈ X . The interim

allocation for agent i with value vi we denote by yi(vi) = Ev−i | vi [yi(v)]. Overloading

notation, a profile of interim allocation functions y = (y1(·), . . . , yn(·)) is feasible if it

is induced by some feasible ex post allocation function (i.e. it is the reduced form of

such an ex post allocation (c.f. Border, 2007)).

Definition 4.2. Let G be a joint distribution over values and bids, with values follow-

ing marginal distribution F . The competitive efficiency of a single-bid mechanism for

G is the largest µ such that for any feasible profile y of interim allocation functions,

the expected revenue is at least a µ fraction of the threshold surplus:

Rev(M,G) ≥ µ
∑

i
Evi∼Fi [Ti(yi(vi) | vi)] . (3)

The competitive efficiency for a family of mechanisms over a family of distributions

is the smallest competitive efficiency of any mechanism in the first family over any
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distribution in the second. We refer to a mechanism’s competitive efficiency over all

distributions simply as its competitive efficiency.

Definition 4.2 generalizes the simpler Definition 2.1 to randomized bid profiles

over populations of participants. The two definitions coincide when the distribution

and mechanism are deterministic and the mechanism has no reserves. Furthermore,

we will show subsequently via closure properties that a mechanism’s competitive ef-

ficiency over all distributions of values and bids is equal to its competitive efficiency

over deterministic distributions. Hence it will often suffice to work with the simpler

Definition 2.1 to characterize the competitive efficiency of Definition 4.2. Moreover,

for deterministic value profiles, computing µ requires only knowledge of the bid dis-

tributions. Hence, though values appear in Definition 4.2, a mechanism’s competitive

efficiency is a property of its rules and not agents’ preferences or beliefs.

We now derive two closure properties of competitive efficiency. The first is that

competitive efficiency is closed with respect to reserve prices, i.e., if a mechanism

has competitive efficiency µ without reserves, then its competitive efficiency with

reserves is also µ. It will therefore suffice to analyze mechanisms without reserves.

Then, we consider the impact of two types of randomization on competitive efficiency

without reserves. First, we consider randomization over mechanisms. In other words,

if the lowest competitive efficiency of any mechanism in a family of mechanisms

is µ then the competitive efficiency of any convex combination of mechanisms in

the family is at least µ. Second, we prove closure under mixture over distributions

of bids and values. From this latter closure, we will conclude that it suffices to

analyze competitive efficiency on fixed profiles of bids and values. Hence, as discussed

above, Definition 2.1 is necessary and sufficient to bound competitive efficiency for

mechanisms with deterministic allocations.

We start with closure under reserves. The mechanisms we consider in this paper

compute payments formulaically from the allocation rule. For example, in a winner-

pays-bid mechanism p̃i(b) = bix̃i(b). We can therefore incorporate reserves into a

mechanism by modifying its allocation rule generically as in the following definition.

For the payment formats we consider, this modification of the allocation rule will

imply a corresponding modification of the payment rule.

Definition 4.3. Given a mechanism with single-bid allocation rule x̃, adding reserves

22



r yields a new rule x̃r that: (1) Solicits a bid bi from each agent i. (2) For each agent

i, if bi < ri, sets brii = 0, else brii = bi. (3) Allocates according to x̃(br).

Throughout, we consider adding reserves to mechanisms where bidding 0 guaran-

tees an agent goes unallocated, i.e. x̃i(0,b−i) = 0. Given a mechanism with allocation

rule x̃ and payment rule p̃, and given reserves r and bids b, define x̃r and p̃r to be the

respective allocation and payment rules of the mechanism with reserves, and define

br as in Definition 4.3. To analyze competitive efficiency of (x̃r, p̃r) on b, we will

compare it to (x̃, p̃) on br. By Definition 4.3, x̃r(b) = x̃(br). For winner-pays-bid

mechanisms, it also holds that p̃r(b) = p̃(br). However, this equality need not hold

in general: with truthful (second-price) payments, and hence also for mechanisms

which combine winner-pays-bid and truthful payments (see Section 4.6), it can be

that p̃r(b) > p̃(br). (E.g., consider a single-item, truthful highest-bids win mecha-

nism with just one agent, which effectively posts a price equal to the reserve.) Closure

under reserve pricing will hold for all mechanisms discussed above, and more generally

all those satisfying the following:

Definition 4.4. Let p̃ and p̃r be the payment rules of a mechanism without and

with reserves r, respectively. For a profile of bids b, for each agent i let brii = 0 if

bi < ri and brii = bi otherwise. Then the mechanism is reserve monotone if for all i,

p̃ri (b) ≥ p̃i(b
r).

We may now state closure under reserve prices.

Lemma 4.5. Competitive efficiency is closed under reserve pricing for reserve-monotone

mechanisms, i.e., given a reserve-monotone mechanism M with competitive efficiency

µ on G (without reserves), competitive efficiency of M with reserves on G is also at

least µ.

Proof. Let M = M0 be a mechanism with competitive efficiency µ without reserves

(equivalently with reserves 0) on joint distribution G over values and bids. We will

show that adding any profile of reserves r yields a mechanism M r with competitive

efficiency at least µ with reserves r on G. That is, the worst-case competitive efficiency

over M with any reserves is achieved by M0. Let x̃ and x̃r denote the allocation rules

of M and M r, respectively.
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For joint distribution G, let Gr denote the distribution obtained by setting to 0 all

bids bi < ri failing to meet the reserves r. The main ideas of the proof are that (a) rev-

enue for M r on G is at least that of M0 on Gr, while allocations are equal, and (b) fix-

ing the bid allocation rules, reserves only lower threshold surplus. Thus, a competitive

efficiency without reserves implies only greater competitive efficiency with reserves.

The following notation makes the allocation rule x̃ and distribution G explicit in the

notation for threshold surplus with discounted reserve: T rii (x, x̃,G | vi) = T rii (x | vi).
Zero reserves will be explicitly designated as such.

Consider the following analysis, with subsequent discussion:

Rev(M r,G) ≥ Rev(M0,Gr) (4)

≥ µ
∑

i
Evi
[
T 0
i (yi(vi), x̃

0,Gr | vi)
]

(5)

= µ
∑

i
Evi
[
T 0
i (yi(vi), x̃

0,G(0,r−i) | vi)
]

(6)

= µ
∑

i
Evi
[
T 0
i (yi(vi), x̃

(0,r−i),G | vi)
]

(7)

≥ µ
∑

i
Evi
[
T rii (yi(vi), x̃

(0,r−i),G | vi)
]

(8)

= µ
∑

i
Evi [T rii (yi(vi), x̃

r,G | vi)] . (9)

Inequality (4) follows from reserve monotonicity. Inequality (5) follows from the

assumed competitive efficiency of M0. Equation (6) follows from the fact that an

agent’s threshold surplus depends only on the bids others. Equation (7) follows from

the fact that for any bids b, x̃i(b
r) = x̃ri (b). Inequality (8) follows from the definition

of threshold surplus with discounted reserves; i.e., discounting reserves lowers the

threshold surplus. Equation (9) follows because T rii (· | vi) considers only allocation

levels above x̃i(ri | vi). Combining the inequalities we observe that M r has competitive

efficiency at least µ on G.

Closure under convex combination of both mechanisms and distributions of values

and bids will follow from a single convexity argument. We define each notion of convex

combination below, then give a proof encompassing both.

Definition 4.6. Let θ be a random variable indexing over mechanisms M θ with al-

location rules x̃θ, payment rules p̃θ, and feasibility environments X θ. The convex

combination of these mechanisms has allocation rule x̃(b) = Eθ[x̃θ(b)] and payment
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rule p̃(b) = Eθ[p̃θ(b)]. The corresponding feasibility environment is X = {x =

Eθ[xθ] : ∀θ ∈ [0, 1], xθ ∈ X θ}.

Definition 4.7. Let ω be a random variable indexing over joint distributions Gω

over values and bids. To draw from the convex combination G, draw ω, then draw

(v,b) ∼ Gω.

Lemma 4.8. Competitive efficiency with no reserves is closed under convex combi-

nation of mechanisms and of distributions, i.e. (i) if a mechanism M has competitive

efficiency µ on a family of distributions G , then it has competitive efficiency µ on

the family of convex combinations over G ; (ii) if the family of mechanisms M has

competitive efficiency µ on distribution G over values and bids, then the family of

convex combinations over M also has competitive efficiency µ on G.

Proof. Let M be a convex combination of mechanisms indexed by θ (with corre-

sponding allocation rules x̃θ, payment rules p̃θ, feasibility environments X θ, and

combinations x̃, p̃, and X ). Further let G be a convex combination of distributions,

indexed by ω. Assume for all θ and ω, M θ has competitive efficiency at least µ on

Gω. We will argue that M has competitive efficiency at least µ on G. This implies

both stated claims, as either convex combination could be trivial.

Let y map value profiles to allocations feasible for the convex combination envi-

ronment X . Then there exists some collection of allocation functions yθ respectively

feasible for X θ such that for each profile v, we can write y(v) = Eθ[yθ(v)]. More-

over, for an agent i with value vi the interim allocation yi(vi) = Ev[yi(v) | vi] satisfies

yi(vi) = Eθ,ω[yθ,ωi (vi) | vi], where θ and ω are drawn independently, and where yθ,ωi (vi)

is the interim allocation with respect to yθ under distribution Gω.

Now consider an agent i with value vi, and consider allocation level yi(vi) =

Eθ,ω[yθ,ωi (vi) | vi] for some yθ,ωi s. Let T θ,ωi (yθ,ωi (vi) | vi) denote i’s threshold surplus

with respect to M θ and Gω, and Ti(yi(vi) | vi) the threshold surplus with respect

to M and G. We will show that Eθ,ω[T θ,ωi (yθ,ωi (vi) | vi) | vi] ≥ Ti(yi(vi) | vi) with the
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following inequalities, explained after their statement:

Ti(yi(vi) | vi) =

∫ ∞
0

max(yi(vi)− x̃i(b | vi), 0) db (10)

=

∫ ∞
0

max
(
Eθ,ω

[
yθ,ωi (vi)− x̃θ,ωi (b | vi)

∣∣ vi] , 0) db (11)

≤ Eθ,ω
[∫ ∞

0

max(yθ,ωi (vi)− x̃θ,ωi (b | vi), 0) db
∣∣∣ vi] (12)

= Eθ,ω
[
T θ,ωi (yθ,ωi (vi) | vi)

∣∣ vi] . (13)

The equalities (10) and (13) rewrite
∫ yi(vi)
0

ti(z | vi) dz in terms of x̃i(bi | vi) rather

than its inverse ti(z | vi), using a change of variables. The equality (11) is from the

definitions of convex combination, and linearity of expectation. The inequality (12)

follows from convexity of the function max(·, 0) and linearity of integration.

Now we write out the definition of the competitive efficiency for feasible allocation

y. Let F and Fω be the respective marginal distributions over values profiles of G
and Gω. Then:

Rev(M,G) = Eθ,ω
[
Rev(M θ,Gω)

]
(14)

≥ Eθ,ω
[
µ
∑

i
Evi∼Fωi

[
T θ,ωi (yθ,ωi (vi) | vi)

]]
(15)

= µ
∑

i
Evi∼F

[
Eθ,ω

[
T θ,ωi (yθ,ωi (vi) | vi)

∣∣ vi]] (16)

≥ µ
∑

i
Evi∼F [Ti(yi(vi) | vi)] . (17)

Line (14) follows from the definitions of convex combination and revenue. Line (15)

follows from applying competitive efficiency. Line (16) follows from properties of con-

ditional expectation, and finally line (17) follows because Eθ,ω[T θ,ωi (yθ,ωi (vi) | vi) | vi] ≥
Ti(yi(vi) | vi), as argued above. We conclude that M has competitive efficiency at

least µ on G.

The closure properties of Lemmas 4.5 and 4.8 simplify competitive efficiency anal-

ysis. First, by Lemma 4.5 it suffices to analyze mechanisms with no reserves. Second,

by Lemma 4.8 the competitive efficiency of a distribution over deterministic mech-

anisms on a distribution of value and bid profiles is that of the worst mechanism

on the worst profile in those distributions’ supports. Hence, for families of distri-

butions containing all such deterministic mechanisms and profiles, the competitive
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efficiency computed from Definition 2.1 is tight. For any fixed mechanism, we obtain

the following corollary:

Corollary 4.9. A mechanism’s competitive efficiency without reserves is equal to its

competitive efficiency on the class of pointmass distributions over values and bids.

Returning to the agent-normal form interpretation of incomplete information,

Corollary 4.9 implies that a mechanism’s competitive efficiency is the same whether

participants are fixed or drawn from a population, represented by the prior over val-

ues. One additional observation is that in Definition 4.2, the prior F over values

serves only to index agents from each population: neither the revenue nor the thresh-

old surplus in (3) depends on the magnitude of the values. In the special case of a

deterministic profile (v,b), the computation of a mechanism’s competitive efficiency

only uses the bids b, and we may conclude:

Corollary 4.10. For any mechanism M and any fixed value profile (v,b), the com-

petitive efficiency of M on (v,b) does not depend on v.

Conceptually, Corollary 4.10 confirms the initial intuition that competitive effi-

ciency depends on the way the mechanism maps bids to allocations and payments,

and not on behavioral parameters of agents such as their values or information.

The remainder of this section presents competitive efficiency bounds for specific

mechanisms. We focus on winner-pays-bid mechanisms throughout, then conclude

the section with theorems extending the winner-pays-bid bounds to apply to all-pay

and hybrid first/second-price mechanisms. Sections 4.1 and 4.2 review the single-

item and single-minded combinatorial auction results for highest-bids-win mechanisms

from Section 2. Section 4.3 considers greedy mechanisms, and shows that they lack

the pathologies of highest-bids-win mechanisms for settings such as single-minded

combinatorial auctions. We analyze position auctions in Section 4.4 and demon-

strate the usefulness of closure under convex combination. In Section 4.5 we analyze

auctions where agents have multi-unit demands for identical goods. Section 4.6 con-

cludes as promised by extending the section’s competitive efficiency results beyond

winner-pays-bid mechanisms. Throughout, Corollaries 4.9 and 4.10 allow us to re-

strict attention to competitive efficiency on degenerate profiles of bids and arbitrary

profiles of values in mechanisms without reserves.
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4.1 Single-Item Multi-Unit Auctions

This section considers the n-agent single-item and multi-unit highest-bids-win mech-

anisms for unit-demand agents. Section 2 proved that for the single-unit case and the

deterministic, full-information Definition 2.1, the competitive efficiency of the first-

price auction was 1. Closure under convex combination, specifically Corollary 4.9,

implies that the same bound holds under the more general Definition 4.2, and clo-

sure under reserve pricing (Lemma 4.5) extends this to the first price auction with

reserves.

Theorem 4.11. The first-price auction (possibly with reserves) has competitive effi-

ciency 1 in single-item environments.

In the more general multi-unit environment, there are k identical units of the

item available. Agents demand a single unit. The natural generalization of the first-

price auction allocates according to the highest-bids-win rule, allocating the k highest

bidders, and charges winners their bids. A very similar proof to that in Section 2

shows a competitive efficiency of 1. Rather than give the elementary proof here, we

will observe it as a consequence of Corollary 4.21, given subsequently.

Theorem 4.12. For any multi-unit environment, the highest-bids-win winner-pays-

bid mechanism has competitive efficiency 1.

4.2 Single-Minded Combinatorial Auctions: Highest Bids Win

Lemma 2.12 demonstrated that there exist examples of single-minded combinatorial

auctions (SMCA) where the highest-bids-win, winner-pays-bid mechanism has ineffi-

cient pure Nash equilibria. These examples had a small number of bidders winning

bundles of items that were demanded by many other agents, yielding a multiplicative

welfare loss as bad as 1/m, where m is the number of items. This implied that com-

petitive efficiency as given by Definition 2.1 was also 1/m. Since Definition 2.1 and

the more general Definition 4.2 coincide on this example, the same bound holds for

the more general definition of competitive efficiency as well.

Lemma 4.13. There exists a single-minded combinatorial auction environment where

the highest-bids-win winner-pays-bid mechanism has competitive efficiency at most

1/m.
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The next section studies greedy mechanisms, including a greedy mechanism for

SMCAs. Comparison to highest-bids-win mechanisms illustrates different causes of

inefficiency. The highest-bids-win rule is welfare-optimal in the absence of incentives.

It was the introduction of incentives — specifically the ability of a few agents to

discourage bidding by many others — that drove the inefficiency in Lemma 4.13. The

greedy mechanisms of the next section will have suboptimal welfare in the absence of

incentives, but will have better incentive properties (i.e. higher competitive efficiency)

and hence higher robust welfare.

4.3 Greedy Auctions

The highest-bids-win mechanism is unable to effectively convert competition into

revenue in combinatorial multi-item settings. We now show that other mechanisms

may manage this relationship more effectively. In particular, this section considers

mechanisms with greedy allocation rules, defined below for feasibility environments

with allocations in {0, 1}n.

Definition 4.14. The greedy by priority rule is given by a profile ψ = (ψ1, . . . , ψn)

of nondecreasing priority functions mapping bids for each agent i to real numbers. It

proceeds in the following way:

1. Sort agents in nonincreasing order of priority ψi(bi).

2. Initialize the set of winners S = ∅.

3. For each agent i in sorted order: if S ∪ {i} is feasible, set S = S ∪ {i}.

4. Return S.

For example, the greedy by bid rule is given by priority functions ψi(bi) = bi for

all i. Greedy by priority rules may be defined in any deterministic feasibility environ-

ment. In many settings, including the single-minded combinatorial auction, greedy

rules will be suboptimal in the absence of incentives — they may not select a set of

winners with highest total bid. We will show that this suboptimality completely gov-

erns the competitive efficiency of greedy auctions. Since the design of approximately

optimal greedy algorithms is well-studied, we obtain several competitive efficiency
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bounds as immediate corollaries. We first define the measure of approximate opti-

mality for algorithms (ignoring incentives).

Definition 4.15. An allocation rule x̃ is an α-approximation for a feasibility envi-

ronment X if for any bid profile b and feasible allocation y, we have:∑
i
bix̃i(b) ≥ α

∑
i
biyi.

We formalize the relationship between approximation and competitive efficiency

as follows, and prove the result after discussion.

Theorem 4.16. For any feasibility environment X , if x̃ is a α-approximation for X ,

then the winner-pays-bid mechanism for x̃ has competitive efficiency at least α.

For single-minded combinatorial auctions, a greedy 1/
√
m-approximation is well-

known.

Lemma 4.17 (Lehmann et al., 2002). For any single-minded combinatorial auction

environment, greedy by priority with ψi(bi) = bi/
√
|Si| for all agents i is a 1/

√
m-

approximation.

Combining Theorem 4.16 with Lemma 4.17 yields the following:

Corollary 4.18. For any single-minded combinatorial auction environment, the winner-

pays-bid mechanism for the greedy-by-priority rule with priority function ψi(bi) =

bi/
√
|Si| for agent i has competitive efficiency at least 1/

√
m.

Another family of settings where greedy allocation rules are of particular interest

are matroids, defined below, where the greedy by bid rule is known to be optimal i.e.

a 1-approximation, absent incentives. Notable examples of matroids include k-unit

environments, discussed in Section 4.1, and transversal matroids, which are matchable

subsets of vertices on one side of a bipartite graph.

Definition 4.19. A feasibility environment X is a matroid if the following two prop-

erties hold:

i. (Downward Closure) For any S ∈ X and i ∈ S, S \ {i} ∈ X .
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ii. (Augmentation Property) For any S1, S2 ∈ X with |S1| > |S2|, there exists

i ∈ S1 \ S2 such that S2 ∪ {i} ∈ X .

Lemma 4.20 (Kruskal, 1956). For any matroid feasibility environment, greedy by

priority with ψi(bi) = bi for all agents i is a 1-approximation.

Corollary 4.21. For any matroid environment, the highest-bids-win winner-pays-bid

mechanism has competitive efficiency 1.

To prove Theorem 4.16, it is helpful to compare the behavior of greedy mecha-

nisms to the non-greedy highest-bids-win mechanism of Section 4.2, which had poor

competitive efficiency. In the example which proved Lemma 4.13, the high bid of the

(m+ 1)st agent discouraged participation from the others — individually, each agent

would have needed to bid 1 + ε to win. As a group, though, the losing agents could

have won by increasing each of their bids by a tiny amount. Greedy rules lack this

pathology. For any greedy allocation rule, we could increase the bids of every losing

agent to their threshold without changing the outcome. We formalize this property

as follows.

Definition 4.22. Bid allocation rule x̃ is coalitionally non-bossy if for any profiles

of bids b and b′ where the bids in b′ are the same as b for winners under b and less

than their critical prices for losers under b, i.e., if x̃i(b) = 0 then b′i < b̂i(b−i); then

the allocations of x̃ under b and b′ are the same, i.e. x̃(b) = x̃(b′).

Lemma 4.23. Any greedy by priority allocation rule is coalitionally non-bossy.

Proof. Imagine changing b to b′ by changing one loser’s bid at a time. Each time

we change a bid, say, of agent i, two things remain true: (1) i still loses: as long as

b′i < b̂i(b−i), i is passed over as infeasible when she is reached by the greedy rule;

and (2) the threshold of every other losing agent i′ remains unchanged: each losing

agent’s threshold is only determined by the bids of the agents who win.

Lemma 4.24. Any winner-pays-bid mechanism with a coalitionally non-bossy allo-

cation rule has competitive efficiency at least its approximation ratio.

Proof. Let y be a feasible allocation, and b a profile of bids. For δ > 0 small, let b′

be a vector of bids where losers under b bid b̂i(b−i)− δ, while winners bid as before.
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For any such δ, we will show that
∑

i bix̃i(b) ≥ α
∑

i b̂i(b−i)yi − αδ
∑

i yi. Since this

holds for all choices of δ, it must also hold that
∑

i bix̃i(b) ≥ α
∑

i b̂i(b−i)yi. This

implies the desired competitive efficiency bound, proving the lemma.

Consider the following inequalities, with justifications after.∑
i
bix̃i(b) =

∑
i
b′ix̃i(b) (18)

=
∑

i
b′ix̃i(b

′) (19)

≥ α
∑

i
b′iyi (20)

≥ α
∑

i
b̂i(b−i)yi − αδ

∑
i
yi. (21)

The first line (18) holds because b′ differs from b only on the bids of losing agents.

Line (19) follows from the coalitional non-bossiness of greedy rules, and (20) from the

assumption that the greedy rule is an α-approximation (Definition 4.15). The last line

(21) follows because for winners, b′i = bi ≥ b̂i(b−i), and for losers, b′i = b̂i(b−i)−δ.

Theorem 4.16 follows from combining Lemma 4.23 with Lemma 4.24.

4.4 Position Auctions

The mechanisms and environments in Section 4.1-4.3 have been deterministic. We

now consider the canonical and inherently randomized allocation environment of po-

sition auctions and show that the most natural single-bid mechanism has competitive

efficiency 1. This result follows directly from the competitive efficiency of multi-unit

highest-bids-win mechanism (Theorem 4.12) and closure of competitive efficiency un-

der convex combination (Lemma 4.8).

Position environments are a standard model for internet advertising auctions,

e.g., Varian (2007) and Edelman et al. (2007). Advertisers (agents) compete for

ad placement in positions in a list on a webpage. Each position has an associated

clickthrough probability, and an agent is considered allocated when clicked. Feasible

allocations are assignments of ads to positions, with the possibility for the auctioneer

to exclude any agent from the auction.

Definition 4.25. A position environment is given by position allocation probabilities

1 ≥ α1 ≥ . . . ≥ αn ≥ 0. An allocation vector x̃ is feasible if there exists a permutation

π over {1, . . . , n} such that for all agents i, it holds that x̃i ∈ {0, απ(i)}.
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The natural extension of highest-bids-win to position environments is the follow-

ing:

Definition 4.26. The rank-by-bid rule for position auctions assigns agents to posi-

tions in order of their bid. The agent in position j wins with probability αj.

The following interpretation of position auctions as a convex combination of multi-

unit auctions is well known in the literature, e.g., Devanur et al. (2015). The sub-

sequent theorem combines this interpretation with the closure under convex com-

bination of mechanisms (Lemma 4.8) and the competitive efficiency of multi-unit

highest-bids-win auctions (Theorem 4.12).

Lemma 4.27 (Devanur et al., 2015). The rank-by-bid allocation rule for position

weights α1 ≥ . . . ≥ αn is equivalent the convex combination of single-item multi-unit

highest-bids-win allocation rules where k units are sold with probability αk−αk+1 (with

αn+1 = 0).

It has become increasingly common for online advertising markets to use winner-

pays-bid auctions (Paes Leme et al., 2020), with Google adopting the format in 2019

(Bigler, 2019). For the winner-pays-bid mechanism with rank-by-bid allocations, we

obtain the following:

Theorem 4.28. For any position environment, the winner-pays-bid mechanism for

the rank-by-bid rule has competitive efficiency 1.

4.5 Multi-Unit Demands

In this section we consider an allocation environment where agents have heteroge-

neous, multi-unit demands. This generalizes the multi-unit unit-demand environment

of Section 4.1: agents might want more than one copy of the k units available, with

their utility being linear in the number of items received. Consequently, agents can

be partially served if they receive some but not all of their demanded quantity. The

main result of this section is that the winner-pays-bid highest-bids-win mechanism for

this setting has competitive efficiency 1. We first analyze the following limit setting

with a fully divisible good, before extending the analysis to the setting just described,

with indivisible items.
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Definition 4.29. In a capacitated divisible good environment, the auctioneer sells a

mass of a good, normalized to 1. Each agent i desires the good up to a publicly known

capacity ci. The set of feasible allocations is X = {x ∈ [0, 1]n |xi ≤ ci,
∑

i xi ≤ 1}.

In this setting, the highest-bids-win rule sorts agents in nonincreasing order by bid,

then maximally allocates each in order until the supply is exhausted. Note that the

allocation problem for the capacitated divisible good environment is mathematically

equivalent to the well-studied fractional knapsack problem, where each agent i has

a weight wi and allocation x ∈ [0, 1]n is feasible if
∑

iwixi ≤ 1. For the latter

environment the highest-bids-win algorithm sorts algorithms by bid density bi/wi

and allocates maximally in nonincreasing order. An allocation x in the knapsack

environment can be mapped to the divisible good environment by setting ci = wi

and treating knapsack allocation xi as the fraction of the demand ci received by

agent i. Moreover, the competitive efficiency of the winner-pays-bid highest-bids-win

mechanisms for the capacitated divisible good and fractional knapsack environment

are the same.

The competitive efficiency analysis of this section does not follow straightforwardly

from the previous analyses: like the position auctions of Section 4.4, optimal alloca-

tions may be fractional. However, unlike position auctions, the capacitated digital

good environment cannot easily be written as a convex combination of determinis-

tic allocation problems. Instead, the following decomposition of the winner-pays-bid

highest-bids-win mechanism’s revenue into the prices of marginal units of allocation

will be central to the analysis.

Definition 4.30. Given a profile of bids b, the agent receiving marginal unit z ∈
[0, 1], denoted π(z), can be computed as follows. Sort agents in nonincreasing order

of bid, and let (j) denote the index of the agent with the jth highest bid. Then π(z)

is the smallest i such that
∑i

j=1 c(j) ≥ z. The revenue from selling the zth marginal

unit is thus bπ(z) dz.

Note that bπ(z) is nonincreasing by definition. It can be interpreted as the price

being paid for a particular small fraction of the unit mass being auctioned. Note

further that the revenue of the mechanism
∑

i bix̃i(b) is equal to
∫ 1

0
bπ(z) dz. The

competitive efficiency of the highest-bids-win mechanism will follow from comparing

the prices for marginal units to the marginal threshold surplus for each agent.
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Lemma 4.31. For any capacitated divisible goods environment, the winner-pays-bid

highest-bids-win mechanism has competitive efficiency 1.

Proof. By Corollaries 4.9 and 4.10, we may consider a deterministic profile of bids b

and arbitrary (also deterministic) values. Fixing these, an agent i faces an allocation

rule x̃i(·,b−i), with inverse ti(x) = inf{b | x̃i(b,b−i) ≥ x}. An agent i’s threshold

surplus is Ti(x) =
∫ x
0
ti(z) dz. For deterministic profiles, it suffices to show the revenue∑

i bix̃i(b) is at least the threshold surplus
∑

i Ti(yi) for any ex post feasible y ∈ X .

Since bπ(z) is nonincreasing, at least z units in total are allocated to agents with

bids less than or equal to bπ(1−z). Consequently, for any agent i and z ∈ [0, ci], if i

bid bi > bπ(1−z), they would win at least z units of allocation. Hence, bπ(1−z) ≥ ti(z).

We can therefore write the threshold surplus for feasible allocation y as:∑
i
Ti(yi) =

∑
i

∫ yi

0

ti(z) dz

≤
∑

i

∫ yi

0

bπ(1−z) dz

≤
∫ 1

0

bπ(1−z) dz (22)

=
∑

i
bix̃i(b), (23)

where line (22) follows from the facts that
∑

i yi ≤ 1 and bπ(1−z) is nondecreasing in

z, and line (23) from the fact that
∫ 1

0
bπ(z) dz is the revenue of the mechanism.

An analogous result for the multi-unit indivisible goods environment follows as a

corollary. To make the connection apparent, the following definition scales allocations

down to increments of 1/k, where k is the number of units available.

Definition 4.32. In a k-unit environment with heterogenenous demands, the auc-

tioneer sells 1 unit of a good, in increments of 1/k. Each agent i demands a pub-

licly known number of increments di. The set of feasible allocations is X = {x ∈
{0, 1/k, 2/k, . . . , 1}n |xi ≤ di/k,

∑
i xi ≤ 1}.

The highest-bids-win rule for the (scaled) k-unit environment is identical to that

for the divisible good environment with capacities ci = di/k. Hence:

Corollary 4.33. For any k-unit environment with heterogeneous demands, the winner-

pays-bid highest-bids-win mechanism has competitive efficiency 1.
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Proof. Let X denote the set of feasible allocations for the k-unit environment with

demands d, and let X̂ denote that for the divisible good environment with capacities

c = d/k. The highest-bids-win mechanism for the two environments selects the same

allocations and yields the same revenue. By Lemma 4.31, the revenue of the highest-

bids-win mechanism is at least the threshold surplus for any y ∈ X̂ . Since X ⊂ X̂ ,

the revenue of the highest-bids-win mechanism is also at least the threshold surplus

for any y ∈ X .

4.6 Beyond Winner-Pays-Bid Mechanisms

The competitive efficiency analyses of Sections 4.1-4.5 focused on winner-pays-bid

mechanisms. This section extends these results to all-pay auctions and hybrid first/second-

price auctions, two other common single-bid payment formats. Below, we define each,

then give an extension theorem for each which translates the winner-pays-bid com-

petitive efficiency bounds to the other payment format. We first consider all-pay

auctions.

Definition 4.34. An all-pay mechanism has payments p̃i(b) = bi for each agent i.

Lemma 4.35. Let MWPB be a winner-pays-bid mechanism with allocation rule x̃ and

competitive efficiency µ. Let MAP be the all-pay mechanism with allocation rule x̃.

Then MAP has competitive efficiency at least µ.

Proof. Let G be a distribution over values and bids, with values following marginal

F . Let TWPB
i (yi | vi) and TAP

i (yi | vi) denote the threshold surplus under G for i

under MWPB and MAP, respectively. Since the two mechanisms have the same al-

location rule, TWPB
i (yi | vi) = TAP

i (yi | vi). Meanwhile, Rev(MAP,G) = E[
∑

i bi] ≥
E[
∑

i bix̃i(b)] = Rev(MWPB,G). Combining these facts for interim allocation y:

Rev(MAP,G) ≥ Rev(MWPB,G)

≥ µ
∑

i
Evi∼Fi

[
TWPB
i (yi(vi) | vi)

]
= µ

∑
i
Evi∼Fi

[
TAP
i (yi(vi) | vi)

]
.

We conclude that MAP has competitive efficiency at least µ.
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We next consider hybrid mechanisms, that charge a convex combination of first-

price and second-price payments. (See Menezes and Monteiro, 2006; van Beek et al.,

2022, for an application to corruption in auctions.) The definition below generalizes

to multi-item environments and environments with fractional allocation by charging

a convex combination of winner-pays-bid and dominant strategy truthful payments.

Definition 4.36. For nondecreasing allocation rule x̃ and agent i, denote winner-

pays-bid payments by p̃WPB
i (b) = bix̃i(b) and dominant-strategy truthful payments by

p̃DST
i (b) = bix̃i(b) −

∫ bi
0
x̃i(b,b−i) db. The γ-hybrid payment rule for x̃ is p̃γi (b) =

γp̃WPB
i (b) + (1− γ)p̃DST

i (b).

For fixed bid profile b, the threshold surplus for a γ-hybrid mechanism does not

depend on γ, and is the same as that of a winner-pays-bid mechanism (γ = 1).

However, dominant-strategy truthful payments are generally smaller than winner-

pays-bid payments. The competitive efficiency guarantee for γ-hybrid mechanisms

therefore degrades naturally with the fraction γ of winner-pays-bid payment. At the

extreme with γ = 0 (e.g. the second-price auction), the existence of fully inefficient

equilibria is well-known, and so we should expect µ = 0.

Lemma 4.37. Let MWPB be a winner-pays-bid mechanism with allocation rule x̃ and

competitive efficiency µ. Let Mγ be the γ-hybrid mechanism with allocation rule x̃.

Then Mγ has competitive efficiency at least γµ.

Proof. Let TWPB
i (yi | vi) and T γi (yi | vi) denote the threshold surplus under a distribu-

tion G for agent i under MWPB and Mγ, respectively. Then TWPB
i (yi | vi) = T γi (yi | vi).

Further let MDST denote the mechanism which charges dominant-strategy truthful

payments. Note that these payments are nonnegative. Then we may lower bound the

revenue of Mγ as:

Rev(Mγ,G) = γRev(MWPB,G) + (1− γ)Rev(MDST,G)

≥ γRev(MWPB,G)

≥ γµ
∑

i
Evi∼Fi

[
TWPB
i (yi(vi) | vi)

]
= γµ

∑
i
Evi∼Fi [T γi (yi(vi) | vi)] .

This implies a competitive efficiency bound of γµ.
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5 Individual Efficiency

The previous section studied competitive efficiency, which quantified the way mecha-

nisms manage inter-agent competition. Competitive efficiency focused on the mecha-

nism’s rules in isolation, independent of the behavioral assumptions on participating

agents and information structure of the game. This section turns to individual effi-

ciency, which quantifies how an agent’s solution to their individual bidding problem

impacts welfare. It depends on agents’ beliefs and behavior, and abstracts the rules

of the larger mechanism down to single-agent bidding problems. The main gener-

alization of this section over the simple definition in Section 2 is that we consider

incomplete information, allowing uncertainty and over bids and private values. In-

dividual efficiency then considers agents’ interim bidding problems: conditioning on

their value, each agent faces a distribution of competing bids, which induces a single-

agent mechanism.

The analysis of this section distinguishes between two cases, depending on the

structure of the agent’s information. We first define individual efficiency in the case

where the agent’s information is summarized by their value and nothing further. In

this case, the agent bids against a single interim mechanism, with fixed allocation

and payment rules. We next consider more general information structures, i.e. where

the agent observes some signal in addition to their value. In this case, the agent faces

a distribution over single-agent mechanisms, and can correlate their bid with this

distribution. Importantly, however, we then show that the case of general information

reduces to the former signal-free case. In other words, the individual efficiency with

additional information is no worse than that without it. It will therefore suffice to

consider the signal-free case in the subsequent individual efficiency analyses.

In what follows, we present both definitions of individual efficiency, then analyze

the individual efficiency of several common payment formats under varying degrees

of agent best response. Section 5.1 presents the signal-free definition of individual

efficiency. Section 5.2 provides additional discussion, motivating individual efficiency

in the context of mechanisms for selling to a single buyer, when the seller has an

outside option. In this setting, individual efficiency directly translates to allocative

efficiency, i.e. high welfare. Section 5.3 then gives the full definition for more general

information structures. We also give two closure properties of individual efficiency:
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first, we prove that individual efficiency is closed under the addition of signals, as

previously described. Second, prove closure of individual efficiency under approximate

best response, i.e. we show that individual efficiency degrades smoothly as agents go

from selecting exactly to approximately optimal bids.

The final three subsections prove concrete individual efficiency guarantees. Sec-

tion 5.4 generalizes the analysis of step function allocation rules from Lemma 2.6.

Section 5.5 shows that winner-pays-bid payments have individual efficiency 1 − 1/e,

and more generally that γ-hybrid mechanisms (Definition 4.36) have individual ef-

ficiency that improves smoothly from 1 − 1/e to 1 as the probability γ of first-price

payments decreases from 1 down to 0. Finally, Section 5.6 considers all-pay mecha-

nisms, which are only individually efficient by a relaxed definition, and even by this

definition are less individually efficient than first-price (and hence also hybrid) mech-

anisms. Taken together, these analyses give a spectrum of individual efficiency across

payment formats, with 0-hybrid (truthful) mechanisms being the most individually

efficient, and all-pay mechanisms the least.

5.1 Individual Efficiency: Signal-Free Definition

This section considers signal-free single-agent bidding outcomes (Definition 2.2, re-

stated below). The agent has a fixed value v, faces an allocation rule x̃ and payment

rule p̃, and places a single bid b. For this setting, we present a definition of individual

efficiency that is stronger than Definition 2.3, and that generalizes beyond the {0, 1}-
valued allocation rules considered in Section 2. Section 5.3 will further generalize the

set of bidding outcomes considered, but the analysis will reduce to the set of outcomes

studied here. Recall the definition of signal-free bidding outcomes:

Definition 2.2. A single-agent signal-free bidding outcome O = (v, x̃, p̃, b) is given

by a value v, a bid b, and a single-agent mechanism with allocation rule x̃ (mapping

bids to allocation levels in [0, 1]) and payment rule p̃ (mapping bids to nonnegative

payments). The agent’s utility for any bid b† is ũ(b†) = vx̃(b†) − p̃(b†). The agent’s

utility for their chosen bid is denoted u(O) = ũ(b).

Individual efficiency quantifies how easily an agent is able to obtain high utility

when their competition is weak. For the deterministic single-agent mechanisms of
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Section 2, the strength of competition was measured by the threshold bid b̂. With the

more general allocation rules considered here, we measure the strength of competition

by the threshold surplus T (z) =
∫ z
0
t(x) dx, where recall t(x) = inf{b | x̃(b) ≥ x}. We

further generalize individual efficiency by quantifying the tradeoff with respect to a

(possibly fractional) target level of allocation z ∈ [0, 1], which can be interpreted

as the agent’s efficient interim probability of allocation. Quantifying over all such z

yields a stronger notion of individual efficiency than Definition 2.3, which implicitly

fixed z = 1. The definition is as follows.

Definition 5.1. The individual efficiency of single-agent signal-free bidding outcome

O = (v, x̃, p̃, b) for target allocation z is the ratio η(z) = (u(O) + T (z))/vz. We refer

to η = infz∈[0,1] η(z) simply as the individual efficiency of (v, x̃, p̃, b). The individ-

ual efficiency of a family of signal-free bidding outcomes is the smallest individual

efficiency of any outcome in the family.

5.2 Discussion: Single-Buyer Mechanisms

Individual efficiency captures the impact of an agent’s bidding behavior on social wel-

fare. The following discussion defines and analyzes a family single-buyer mechanisms

where this intuition is most apparent. In contrast to the rest of the paper, we consider

a seller who also has a value for the item being sold. We measure social welfare by the

total utility of the buyer and seller, and show below that for single-bid mechanisms

in this setting, outcomes with high individual efficiency also have high welfare. The

robust efficiency results of Section 6 extend this reasoning to multi-buyer mechanisms.

Formally, we consider a seller with value v0 for the single item being sold, and a

buyer with value v. For this setting, we consider the family of single-bid mechanisms

which allocate the item to the buyer whenever their bid b is at least the seller’s

value v0. We assume the seller value v0 is unknown to the buyer, and drawn from

some prior. To parallel Definition 2.2 of signal-free bidding outcomes, we assume

the buyer’s value v is fixed. Under these assumptions, the single-bid mechanisms we

consider induce a probability of allocation x̃(b) = Pr[b ≤ v0] for each bid b from the

buyer. We allow arbitrary payment rules, yielding the following definition.

Definition 5.2. A single-buyer instance is given by buyer value v and distribution

F for seller value v0. A single-bid mechanism for a single-buyer instance solicits a
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bid b from the buyer, allocates if and only if b ≥ v0 (inducing bid allocation rule

x̃(b) = F (b)), and charges payments according to payment rule p̃(b, v0) (inducing

expected payments p̃(b) = Ev0 [p̃(b, v0)]).4

The single-buyer setting provides additional intuition for Definition 5.1 of indi-

vidual efficiency. Comparing Definition 2.2 of signal-free bidding outcomes to Defini-

tion 5.2, we see that any signal-free bidding outcome with nondecreasing allocation

rule x̃ can be mapped to a single-buyer instance by giving the seller’s value a CDF

equal to x̃, and vice versa. Moreover, the lemma below shows that the threshold sur-

plus T (1) =
∫ 1

0
t(x) dx is exactly the seller’s expected value E[v0], and more generally

the threshold surplus T (z) for z < 1 is the contribution of low values (in particular,

the lowest z-fraction) to the expectation. Hence, the individual efficiency of a bidding

outcome can be understood to measure the tradeoff between the agent’s utility and

the strength of the seller’s value distribution in the implied single-buyer mechanism.

Lemma 5.3. Given a single-buyer instance with random seller value v0 and fixed

buyer value v, let z = Pr[v0 ≤ v]. Then it holds that T (z) = E[v0 | v0 ≤ v] Pr[v0 ≤ v].

Proof. The lemma follows from the definitions of T (z) and conditional expectation.

In more detail, integrating over values rather than probabilities yields the identity

T (z) =
∫ v
0
z − x̃(b) db. Dividing out by z = Pr[v0 ≤ v] and applying the definition

of conditional probability gives the equivalent expression
∫ v
0

1 − Pr[v0 ≤ b | v0 ≤
v] dbPr[v0 ≤ v]. Finally, applying the standard formula for the expectation of a

nonnegative random variable, we obtain E[v0 | v0 ≤ v] Pr[v0 ≤ v] as desired.

Now define welfare for a single-buyer instance with buyer bid b to be the utility

of the seller, given by p̃(b) + E[v0 | v0 > b] Pr[v0 > b], plus the utility of the buyer,

given by vx̃(b)− p̃(b). Equivalently, this welfare is the value of the agent who receives

the item, given by E[v0 | v0 > b] Pr[v0 > b] + v Pr[v0 ≤ b]. The welfare-optimal

allocation allocates the item to the agent with the higher value, yielding welfare

E[v0 | v0 > v] Pr[v0 > v] + v Pr[v0 ≤ v]. We show below that when a single-buyer

instance has individual efficiency η, the welfare is also a η-fraction of optimal. The

result requires the following mild condition on payments:

4We consider only buyer incentives, and assume the seller’s true value is known to the mechanism.
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Definition 5.4. A single-buyer instance satisfies seller individual rationality (IR) if

the seller never loses utility by participating: p̃(b) ≥ E[v0 | v0 ≤ b] Pr[v0 ≤ b] for all b.

The welfare guarantee for single-buyer instances is the following:

Proposition 5.5. Consider a single-buyer instance with buyer value v, induced al-

location rule x̃ and payment rule p̃, and bid b. If the instance satisfies seller IR and

the corresponding signal-free bidding outcome has individual efficiency η ≤ 1, then

the single-buyer instance has welfare at least a η-fraction of optimal.

Proof. The optimal social welfare is whichever is higher of the buyer’s or seller’s

values, which has expected value v Pr[v0 ≤ v] + E[v0 | v0 > v] Pr[v0 > v]. Letting

z∗ = Pr[v0 ≤ v], we may rewrite the optimal welfare as vz∗+E[v0 | v0 > v] Pr[v0 > v].

We will compare this quantity to the welfare of the single-buyer mechanism, i.e. the

sum of the buyer utility ũ(b) = vx̃(b)− p̃(b) and seller utility p̃(b)+E[v0 | b ≤ v0]Pr[b ≤
v0]. The result follows from three observations: first, seller IR guarantees that the

seller utility is at least the expected seller value, E[v0]. Second, Lemma 5.3 implies

E[v0 | v0 ≤ v] Pr[v0 ≤ v] = T (z∗). Finally, individual efficiency implies that T (z∗) and

the buyer utility ũ(b) together approximate vz∗.

Formally, first consider the seller’s utility:

p̃(b) + E[v0 | v0 > b]Pr[v0 > b]

≥ E[v0 | v0 ≤ b]Pr[v0 ≤ b] + E[v0 | v0 > b]Pr[v0 > b] (24)

= E[v0] (25)

= E[v0 | v0 ≤ v]Pr[v0 ≤ v] + E[v0 | v0 > v]Pr[v0 > v] (26)

= T (z∗) + E[v0 | v0 > v]Pr[v0 > v]. (27)

Line (24) follows from seller IR. The equality of lines (24), (25), and (26) holds by the

law of total expectation. Line (27) follows from Lemma 5.3. We can now combine all

three components of the single-buyer mechanism’s welfare to obtain a lower bound in

terms of the optimal welfare:

ũ(b) + p̃(b) + E[v0 | v0 ≥ b]Pr[v0 > b]

≥ u(v, x̃, p̃, b) + T (z∗) + E[v0 | v0 > v]Pr[v0 > v]

≥ ηvz∗ + E [v0 | v0 > v] Pr [v0 > v] (28)

≥ η(vz∗ + E [v0 | v0 > v] Pr [v0 > v]). (29)
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Inequality (28) follows from individual efficiency, and (29) because η ≤ 1.

5.3 Individual Efficiency: General Definition

We now extend Definition 5.1 to more general information structures. In equilibrium,

an agent with value v receives an additional signal, correlated with other agents’

bids. This induces a distribution over single-agent interim mechanisms, and the

agent may use their signal to correlate their bid with this distribution. The following

generalization of single-agent bidding outcomes permits correlation of this form.

Definition 5.6. A single-agent bidding outcome O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) is given

by a value v ≥ 0, a distribution over single-agent mechanisms with allocation rules x̃θ

and payment rules p̃θ, jointly indexed by random variable θ, and a distribution over

bids bθ, also indexed by θ. The agent’s utility for O is u(O) = Eθ[vx̃θ(bθ)− p̃θ(bθ)].

To model an agent with additional information, we may take θ in Definition 5.6

to be the agent’s signal. Note that the definition strictly generalizes Definition 2.2 of

signal-free bidding outcomes, as we may fix a single allocation rule, payment rule, and

bid. For the more general definition, individual efficiency still quantifies the welfare

impact of an agent’s behavior conditioned on their value v. The expected utility of

such an agent is Eθ[vx̃θ(bθ)− p̃θ(bθ)], and their competition is measured with respect

to expected allocation rule x̃(b) = Eθ[x̃θ(b)]. The definition is again parametrized by

target allocation z, representing the efficient interim allocation level when the agent’s

value is v. The necessary notation and definition are below.

Definition 5.7. In a single-agent bidding outcome, the expected allocation rule at

bid b is x̃(b) = Eθ[x̃θ(b)], with inverse t(x) = inf{b | x̃(b) ≥ x}, and threshold surplus

T (z) =
∫ z
0
t(x) dx.

Definition 5.8. For single-agent bidding outcome O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ), the

individual efficiency for target allocation z is the ratio η(z) = (u(O) + T (z))/vz.

We refer to η = infz∈[0,1] η(z) simply as the individual efficiency of O. The individ-

ual efficiency of a family of single-agent bidding outcomes is the smallest individual

efficiency of any outcome in the family.
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We now prove closure of individual efficiency under information and approximate

best response. Before stating the closure properties, we define exact and approximate

best response for bidding outcomes without and with signals. Notably, with signals,

we consider coarse best response, which compares the agent’s utility to the best single

bid. This will encompass the bidding outcomes arising from (Bayes) coarse correlated

equilibria (c.f. Bergemann and Morris, 2016).

Definition 5.9. A single-agent signal-free bidding outcome O = (v, x̃, p̃, b) satisfies

(1−ε)-best response if for every fixed deviation bid b′, we have u(O) ≥ (1−ε)(vx̃(b′)−
p̃(b′)). If ε = 0, we say O satisfies best response.

Definition 5.10. A single-agent bidding outcome O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) satis-

fies coarse (1 − ε)-best response if for every fixed deviation bid b′, we have u(O) ≥
(1− ε)Eθ[vx̃θ(b′)− p̃θ(b′)]. If ε = 0, we say O satisfies coarse best response.

Finally, Definition 5.11, below, will help to state closure under information, and

to prove both closure properties. Given a distribution over single-agent mechanisms

indexed by a signal, it defines a new mechanism induced by ignoring the signal.

Definition 5.11. For distribution over single-agent mechanisms with allocation rules

{x̃θ}θ and payment rules {p̃θ}θ, define x̃(b) = Eθ[x̃θ(b)] and p̃(b) = Eθ[p̃θ(b)]. Then

the signal-free projection of ({x̃θ}θ, {p̃θ}θ) is the single-agent mechanism (x̃, p̃).

The closure properties are now as follows. Informally, closure under information

states that for a best-responding agent, additional information can only make bids

more individually efficient: if the individual efficiency of a family of signal-free bidding

outcomes is η, then that of the same bidding outcomes with additional information

is at least η as well. Meanwhile, closure under approximate best response states that

bids that are nearly best responses have nearly the same individual efficiency as exact

best responses. Formally:

Lemma 5.12. Individual efficiency is closed under:

(i) Additional information: Let ({x̃θ}θ, {p̃θ}θ) denote a joint distribution over al-

location and payment rules. For value v, assume that all best responses to the

signal-free projection (x̃, p̃) have individual efficiency η. Then all coarse best

responses to ({x̃θ}θ, {p̃θ}θ) have individual efficiency at least η.
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(ii) Approximate best response: Let ({x̃θ}θ, {p̃θ}θ) denote a joint distribution over

allocation and payment rules. For value v, assume that all coarse best responses

to ({x̃θ}θ, {p̃θ}θ) have individual efficiency at least η. Then all coarse (1−ε)-best

responses to ({x̃θ}θ, {p̃θ}θ) have individual efficiency at least (1− ε)η.

Lemma 5.12 will follow from a single argument about coarse best responses, given

in Lemma 5.13. The definition of coarse (approximate) best response compares the

agent’s utility to that from the best single bid. Lemma 5.13 therefore compares the

individual efficiency of coarse (approximate) best responses to the individual efficiency

of that bid as well, for any choice z of target allocation level. In proving Lemma 5.12

and in subsequent applications we will assume that such a best response bid exists.

Note that we make this assumption solely to illustrate key concepts clearly. The

individual efficiency guarantees we derive can also be proven directly, even in the

absence of a best response bid.

Lemma 5.13. Let (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) be a single-agent bidding outcome satisfy-

ing coarse (1 − ε)-approximate best response. If for signal-free projection (x̃, p̃) of

({x̃θ}θ, {p̃θ}θ) and best response bid b, the individual efficiency of (v, x̃, p̃, b) for target

allocation z is η, then the individual efficiency of (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) for z is at

least (1− ε)η.

Proof. The lemma follows from two observations. First, since the expected allocation

rules of (v, x̃, p̃, b) and (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) are identical, the threshold surplus T (z)

is also identical. Second, coarse (approximate) best response directly compares the

utility of {bθ}θ to that of b. More precisely, let u and uSF denote the agent utilities

under (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) and (v, x̃, p̃, b), respectively. The following inequalities

hold for any z ∈ [0, 1] and directly imply the lemma:

u+ T (z) ≥ (1− ε)uSF + T (z) (30)

≥ (1− ε)(uSF + T (z)) (31)

≥ (1− ε)ηvz. (32)

Inequality (30) follows from coarse (1−ε)-best response. Inequality (31) holds because

T (z) ≥ 0. Inequality (32) follows from the individual efficiency of (v, x̃, p̃, b).
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Proof of Lemma 5.12. Let value v and distribution ({x̃θ}θ, {p̃θ}θ) over allocation and

payment rules be given, with signal-free projection (x̃, p̃). We obtain each closure

property by applying Lemma 5.13 to best response bid b∗ to (x̃, p̃).

To prove closure under information (Part (i)), let {bθ}θ denote a coarse best

response to ({x̃θ}θ, {p̃θ}θ), and assume the individual efficiency of O∗ = (v, x̃, p̃, b∗) is

at least η for every target allocation z. Then by Lemma 5.13, the individual efficiency

of outcome O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) is at least η for all z. Since this holds for all

z, the individual efficiency of O is at least that of O∗ in the worst case over z as well,

proving the desired individual efficiency guarantee.

To prove closure under approximate best response (Part (ii)), let {b̂θ}θ be a coarse

(1 − ε)-best response to ({x̃θ}θ, {p̃θ}θ), and assume all coarse (exact) best responses

have individual efficiency η. Note that the best response bid b∗ to (x̃, p̃) is also a

coarse best response to ({x̃θ}θ, {p̃θ}θ), and hence has individual efficiency η. Applying

Lemma 5.13, we conclude that {b̂θ}θ has individual efficiency (1− ε)η.

The subsequent sections analyze the individual efficiency of common families of

bidding outcomes. By closure under additional information, it suffices to analyze

signal-free bidding outcomes. By closure under approximate best response, it fur-

ther suffices to analyze only bidding outcomes where the agent best responds. Both

observations significantly simplify the analysis.

5.4 Step Function Allocations

In pure-strategy full-information equilibria of a mechanism M , the induced single-

agent mechanisms are signal-free. If M further has allocations in {0, 1}, then the

induced single-agent allocation rules will have such allocations as well. Section 2

analyzed a weaker notion of individual efficiency (Definition 2.3) which restricted to

target allocation z = 1, and showed a individual efficiency of 1. The following lemma

extends this result in three ways. First, it generalizes the result to γ-hybrid auctions.

Second, applies to the stronger, full definition of individual efficiency (Definition 5.1),

which is worst-case over z ∈ [0, 1]. Finally, it extends to allocation rules which may

have fractional allocation at an agent’s threshold bid. This latter set of allocation rules

arises in mechanisms with allocations in {0, 1} except for randomized tiebreaking. We

formalize the allocation rules we consider below, then state the result.
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Definition 5.14. An allocation rule x̃ is a step function if for threshold b̂, it takes

value x̃(b) = 0 for b < b̂ and x̃(b) = 1 for b > b̂. The value x̃(b̂) may be arbitrary.

Lemma 5.15. For any single-agent signal-free γ-hybrid bidding outcome O = (v, x̃, p̃, b)

where x̃ is a step function and b is a best response, the individual efficiency is η = 1.

Proof. The argument below lower bounds the individual efficiency, then exhibits a

particular example where the bound holds with equality. By Definition 5.14, the

allocation rule x̃ steps up to 1 at some b̂ ∈ [0,∞), but may take any value in [0, 1]

at b̂. For target allocation z, we have threshold surplus T (z) = b̂z. To lower bound

u, note that for any δ > 0, the agent could bid b̂ + δ and win. Their γ-hybrid

payments for doing so are at most the winner-pays-bid payments, which are b̂ + δ.

Hence u(O) ≥ (v− b̂− δ). Taking δ → 0, we obtain u+ b̂ ≥ v. Since u(O) ≥ 0 under

best response, we may further weaken this to obtain the desired inequality for all

z ∈ [0, 1]: u(O) + b̂z ≥ vz. This bound is the best possible, as it holds with equality

when v = 1, z = 1, b̂ = 0, and b = 0.

Applying closure under approximate best response (Lemma 5.12, Part (ii)) extends

the result of Lemma 5.15 to approximate best response.

Corollary 5.16. For any single-agent signal-free γ-hybrid bidding outcome O where

x̃ is a step function and b is a (1 − ε)-best response, the individual efficiency is at

least 1− ε.

Due to the full-information nature of step function rules, there is no appropri-

ate extension of Lemma 5.15 to general information structures. The next section

characterizes the individual efficiency under incomplete information.

5.5 Winner-Pays-Bid and Hybrid Mechanisms

We now consider single-agent bidding outcomes with allocations rules taking frac-

tional values representing different probabilities of service. Such rules can arise due

to incomplete information over values (or random selection of participants), ran-

domized mechanisms, or randomized environments such as position auction environ-

ments. Solutions to these bidding problems are generally less individually efficient
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than those with step function allocations. This section characterizes individual effi-

ciency of winner-pays-bid mechanisms under these general single-agent bidding out-

comes, proving an individual efficiency bound of 1− 1/e ≈ .63.

Lemma 5.17. The individual efficiency of single-agent winner-pays-bid bidding out-

comes under coarse best response is η = 1− 1/e.

Proof. We will lower bound the individual efficiency of information-free bidding out-

comes, then invoke closure under information (Lemma 5.12, Part (i)). The lower

bound uses best response inequalities to upper bound the allocation rule and thus

lower bound the threshold surplus in terms of the utility. Figure 2 illustrates the

argument graphically. To prove tightness, we exhibit a matching worst-case example.

Given signal-free bidding outcome O = (v, x̃, p̃, b), the first step is to rewrite

the best response inequalities in terms of t(x) = inf{d | x̃(d) ≥ x}. For brevity,

write u = u(O). For an allocation x ∈ [0, 1], the agent could bid t(x) + ε and get

utility at least (v − t(x)− ε)x for any ε, and hence the best response utility satisfies

u ≥ (v − t(x))x. Consequently, u ≥ (v − t(x))x for all x ∈ [0, 1], which can be

rearranged as t(x) ≥ v − u/x.

Next, we use the bound on t(x) to lower bound the individual efficiency. Since

t(x) ≥ 0, we may write:

T (z) ≥
∫ z

0

max(v − u
x
, 0) dx =

∫ z

u/v

v − u
x
dx

= vz − u(1− ln u
vz

).

We therefore have u + T (z) ≥ vz + u ln(u/vz). Holding v fixed and minimizing

the righthand side as a function of u yields a worst-case u = vz/e, and hence u +

T (z) ≥ vz(1− 1/e). This lower bounds individual efficiency by 1− 1/e. For a bidding

outcome exhibiting the tightness of this bound, take v = 1, z = 1, allocation rule

x̃(d) = (e(1− d))−1 for d ∈ [0, 1− 1/e], and best response bid b = 0.

The lemma below further generalizes this analysis to γ-hybrid mechanisms, of

which winner-pays-bid auctions are a special case (γ = 1). The resulting bound is

worst for fully winner-pays-bid mechanisms. As γ decreases, the bound increases,

assuming value η = 1 at γ = 0.
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Lemma 5.18. The individual efficiency of single-agent γ-hybrid bidding outcomes

under coarse best response is η = 1− γ1/(1−γ) for γ ∈ [0, 1).

The proof is deferred to Appendix B. Lemma 5.12, Part (ii) implies a correspond-

ing bound for approximate best response:

Corollary 5.19. The individual efficiency of single-agent γ-hybrid bidding outcomes

under coarse (1 − ε)-best response is at least (1 − ε)(1 − γ1/(1−γ)) for γ ∈ [0, 1), and

(1− ε)(1− 1/e) for γ = 1.

5.6 All-Pay Mechanisms

An all-pay mechanism charges the agent p̃(b) = b. This section shows that all-pay

bidding outcomes are less individually efficient than other payment formats considered

thus far in two concrete senses. First, we show that all-pay bidding outcomes do

not have individual efficiency η under best response for any non-trivial η > 0. We

therefore define a weaker version of individual efficiency and show for this version

that the individual efficiency of all-pay bidding outcomes is η = 1/2. In Section 6 we

show that this weaker notion of individual efficiency, when combined with competitive
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efficiency, is still sufficient to imply welfare guarantees when values are independently

distributed. The following lemma implies that all-pay bidding outcomes have trivial

individual efficiency:

Lemma 5.20. There is an information-free all-pay bidding outcome satisfying best

response, and with individual efficiency 0.

Proof. We will construct a bidding outcome O where both the agent’s utility is 0

and the threshold surplus T (z) vanishes as the target allocation z → 0. Consider the

bidding outcome with v = 1, x̃(b) = b, p̃(b) = b, and b = 0. Note that for any bid

b ≤ 1, the agent’s utility is 0, and hence b = 0 is a best response. Now consider target

allocation z. The threshold surplus is T (z) =
∫ z
0
x dx = z2/2. Hence, for any η > 0,

there is a z sufficiently small such that u(O) + T (z) = z2/2 < ηz = ηvz, and so the

individual efficiency is 0.

Next, we define a weakening of individual efficiency. In the example of Lemma 5.20,

utility and threshold surplus T (z) failed to approximate the target surplus vz when

z was small. The weaker version, defined below, only requires this approximation to

hold for z = 1.

Definition 5.21. The weak individual efficiency of a single-agent bidding outcome is

its individual efficiency for z = 1. The weak individual efficiency of a family of single-

agent bidding outcomes is the smallest weak individual efficiency of any outcome in

the family.

The weak individual efficiency of any bidding outcome is at least its individual ef-

ficiency per the stronger Definition 5.8. Under this weaker definition, all-pay bidding

outcomes have nontrivial individual efficiency, but are still less individually efficient

than γ-hybrid auctions for any choice of γ. Note further that Lemma 5.13 implies clo-

sure under information and approximate best response for weak individual efficiency

just as it does for ordinary individual efficiency:

Lemma 5.22. Weak individual efficiency is closed under:

(i) Additional information: Let ({x̃θ}θ, {p̃θ}θ) denote a joint distribution over al-

location and payment rules. For value v, assume that all best responses to the
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signal-free projection (x̃, p̃) have weak individual efficiency η. Then all coarse

best responses to ({x̃θ}θ, {p̃θ}θ) have weak individual efficiency at least η.

(ii) Approximate best response: Let ({x̃θ}θ, {p̃θ}θ) denote a joint distribution over

allocation and payment rules. For value v, assume that all coarse best responses

to ({x̃θ}θ, {p̃θ}θ) have weak individual efficiency at least η. Then all coarse

(1 − ε)-best responses to ({x̃θ}θ, {p̃θ}θ) have weak individual efficiency at least

(1− ε)η.

We may thus analyze signal-free all-pay bidding outcomes to prove the following:

Lemma 5.23. The weak individual efficiency of single-agent all-pay bidding outcomes

under coarse best response is 1/2.

Proof. We give an argument lower bounding the weak individual efficiency, then

demonstrate tightness of the analysis with an example. Let information-free bid-

ding outcome (v, x̃, p̃, b) be given. For any allocation probability x ∈ [0, 1] and any

ε > 0, the agent could choose to get allocation probability at least x and pay t(x) + ε.

Hence, u ≥ vx− t(x) for all x ∈ [0, 1]. We may rearrange this as t(x) ≥ vx−u. Since

we also have t(x) ≥ 0, we may write:

T (1) ≥
∫ 1

0

max(vx− u, 0) dx =

∫ 1

u/v

vx− u dx

= v
2
− u+ u2

2v
.

We therefore have u + T (1) ≥ v/2 + u2/2v ≥ v/2, as desired. To exhibit tightness,

take v = 1, allocation rule x̃(d) = d for d ∈ [0, 1], and best response bid b = 0.

Lemma 5.22 implies a corresponding bound for approximate best response:

Lemma 5.24. The weak individual efficiency of single-agent all-pay bidding outcomes

under coarse (1− ε)-best response is (1− ε)/2.

6 Welfare and Revenue Analysis

This section translates competitive efficiency and individual efficiency into robust

equilibrium performance guarantees. The results extend the motivation for individual
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efficiency in the single-buyer mechanisms of Proposition 5.5. In the single-buyer

setting, the seller has an outside option for an item, and individual efficiency implies

a welfare guarantee: if the mechanism is individually efficient, the buyer’s contribution

to welfare can only be small if this outside option’s contribution is large. Equilibria

of a multi-buyer mechanism induce single-agent bidding problems where the seller’s

outside option is endogenously generated by other agents. Competitive efficiency then

measures the contribution of these endogenous outside options to the seller’s utility.

These combine to imply a robust welfare guarantee parametrized by the competitive

efficiency of the mechanism and the individual efficiency of the induced single-agent

bidding outcomes. The reduction from revenue to welfare maximization of Myerson

(1981) further implies a revenue guarantee.

Section 6.1 formalizes the connection between equilibria and single-agent mech-

anisms, and presents the welfare guarantee. In Section 6.2 we extend the result

to revenue, assuming independently distributed values and suitably chosen reserve

prices. In particular, these sections imply results for winner-pays-bid and hybrid

mechanisms. For all-pay mechanisms, we show in Section 6.3 that a similar welfare

guarantee holds under independently distributed values, despite the weaker individ-

ual efficiency of the all-pay format. Finally, Section 6.4 discusses the tightness of the

welfare and revenue guarantees and whether competitive efficiency and individual

efficiency are necessary for high robust performance.

6.1 Robust Welfare Analysis

We now formalize the robust analysis of equilibrium welfare. An equilibrium G is a

joint distribution over bid profiles b and value profiles v. Bids and values may be arbi-

trarily correlated. For agent i, fix their value vi. The bid distribution of other agents

conditional on vi induces a distribution over single-agent mechanisms. Depending on

their information, i may additionally correlate their bid with this distribution over

mechanisms. The resulting single-agent bidding outcome is as follows.

Definition 6.1. Given equilibrium G and agent i with value vi, the conditional bid-

ding outcome for i is defined by i’s conditional bid distribution and conditional dis-

tribution of bid allocation rules. Formally, the distribution of (v−i,b) ∼ G | vi induces

a joint distribution Di(vi) over bids bi for i, allocation rules x̃i(·,b−i), and payment
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rules p̃(·,b−i). The conditional bidding outcome for i is (vi,Di(vi)).

The main result of the section is that the individual efficiency of the conditional

bidding outcomes and the competitive efficiency of the mechanism together imply a

welfare guarantee.

Theorem 6.2. Let M be a mechanism with competitive efficiency µ ≤ 1, and G an

equilibrium for M in which the agents’ conditional bidding outcomes have individual

efficiency η. Then the expected welfare in G is a µη-approximation to the optimal

welfare.

Proof. The proof has two main steps. First, individual efficiency implies that for any

value vi of agent i the sum of each agent’s utility and threshold surplus approximate

their interim contribution to the optimal welfare. Second, competitive efficiency im-

plies that threshold surplus is approximated by revenue. Welfare is total utility plus

revenue, implying the result.

Formally, for any value vi for agent i, let x∗i (vi) denote agent i’s interim allocation

probability under the welfare-optimal allocation rule, and let ui(vi) = Eb | vi [ũi(b)] de-

note agent i’s interim expected utility in G. The individual efficiency of i’s conditional

bidding outcome implies:

ui(vi) + Ti(x
∗
i (vi) | vi) ≥ ηvix

∗
i (vi).

Summing over all agents and taking expectation over v yields:

Ev

[∑
i
ui(vi)

]
+ Ev

[∑
i
Ti(x

∗
i (vi) | vi)

]
≥ η Ev

[∑
i
vix
∗
i (vi)

]
.

The righthand side is the optimal expected welfare Ev[Opt(v)]. The second term

on the left can be rewritten as Ev[
∑

i Ti(x
∗
i (vi) | vi)] =

∑
i Evi [Ti(x∗i (vi) | vi)]. We may

therefore apply competitive efficiency to obtain:

Ev

[∑
i
ui(vi)

]
+ 1

µ
Rev(M,G) ≥ η Ev [Opt(v)] .

The result then follows from noting that µ ≤ 1 and that the welfare of M is the sum

of the expected utilities and revenue.

Using the individual efficiency guarantees of Lemmas 5.15, 5.17, and 5.18, we can

instantiate Theorem 6.2. Different equilibrium concepts impose different constraints
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on the joint distribution of bids and values. These constraints dictate the relevant

individual efficiency guarantee. We first state the relevant equilibrium concept for

multi-agent mechanisms. We state the definition in full generality for mechanisms

which may have actions that are more complex than single bids.

Definition 6.3. A joint distribution over values and bids G satisfies (1 − ε)-coarse

best response if for each agent i, value vi, and deviation action a,

Ea | vi [ũi(a)] ≥ (1− ε)Ea−i | vi [ũi(a, a−i)] . (33)

If G satisfies (33) with ε = 0, we say it satisfies coarse best response.

Most well-studied equilibrium concepts are special cases of Definition 6.3. For

example Bergemann and Morris (2016); Bergemann et al. (2017) impose an informa-

tion structure on the game, which they model with value-dependent signals for each

agent. They assume each agent best responds to their signal. While Bergemann et al.

(2017) allow interdependent values, we restrict to private values. However, the set

of private-value equilbria we allow is wider, and includes the coarse analog of their

Bayes correlated equilibria:

Definition 6.4. A joint distribution over values and bids G is a ((1−ε)-)Bayes coarse

correlated equilibrium if it satisfies ((1− ε)-)coarse best response.

Other concepts which satisfy Definition 6.3 are Bayes-Nash equilibrium and the

communication equilibria of Forges (1986). Combining Theorem 6.2 with Lemmas 5.17

and 5.18 yields the following guarantee for exact best response:

Corollary 6.5. Any winner-pays-bid mechanism with competitive efficiency µ ≤ 1

has robust welfare approximation µ(1 − 1/e) in Bayes coarse correlated equilibrium.

For γ ∈ [0, 1), any γ-hybrid mechanism with competitive efficiency µ ≤ 1 has robust

welfare approximation µ(1− γ1/(1−γ)) in Bayes coarse correlated equilibrium.

Stated for single-item auctions, we have the following:

Corollary 6.6. The single-item first-price auction has robust welfare approximation

1− 1/e in Bayes coarse correlated equilibrium. For γ ∈ [0, 1), the single-item γ-hybrid

mechanism has robust welfare approximation γ(1−γ1/(1−γ)) in Bayes coarse correlated

equilibrium.
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An analogous theorem holds for (1 − ε)-approximate best response, with an ad-

ditional factor of (1− ε) loss. Lemma 5.15 further yields an improved bound in pure

ε-Nash equilibrium, where bids and value are deterministic and satisfy (1 − ε)-best

response.

Corollary 6.7. With step function allocation rules, any γ-hybrid mechanism for

γ ∈ [0, 1] with competitive efficiency µ ≤ 1 has robust welfare approximation µ(1−ε) in

ε-Nash equilibrium. In particular, any single-item highest-bid-wins γ-hybrid auction

has robust welfare approximation γ(1− ε) in ε-Nash equilibrium.

6.2 Robust Revenue Analysis

Individual efficiency quantifies the way a buyer trades off their utility and the seller’s

utility (via competitive efficiency) against their value. This section extends this trade-

off to the objective of seller revenue under suitable independence conditions on values

and bids. With carefully chosen reserve prices, we will obtain a robust revenue approx-

imation of µ(1− 1/e)/2 for winner-pays-bid mechanisms with competitive efficiency µ

when agents best respond (and more generally µ(1 − γ1/(1−γ))/2 for γ-hybrid mech-

anisms). We consider equilibria with independently-distributed values satisfying the

following additional independence condition on actions, which we state in generality

beyond single-bid mechanisms.

Definition 6.8. An equilibrium G satisfies no bidder communication if for every

agent i and value vi, the action ai of agent i is independent of v−i conditioned on vi.

Definition 6.8 rules out information structures where, in addition to learning their

own values, bidders receive further informative signals about the values of others.

Equivalently, this eliminates equilibria where bidders communicate nontrivial infor-

mation about their values to each other or a mediator, including many Bayes corre-

lated equilibria (Bergemann and Morris, 2016; Bergemann et al., 2017) and commu-

nication equilibria (Forges, 1986). It is important to rule these out, as it is possible

to construct low-revenue equilbria under these notions of correlation. Definition 6.8

still permits some correlated equilibria, however, namely those with one-way commu-

nication from a mediator. In particular, Definition 6.8 permits standard Bayes-Nash
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equilibrium, as well as coarse correlated equilibria of the agent-strategic or agent-

normal forms of the Bayesian game, and hence learning outcomes under incomplete

information (Hartline et al., 2015).

Given an equilibrium G with independently distributed values and no bidder com-

munication, the analysis of Myerson (1981) implies that the ex ante expected payment

of an agent i is Evi [φi(vi)xi(vi)], where φi(vi) = vi− 1−Fi(vi)
fi(vi)

is the virtual value for value

vi and Fi (resp. fi) the cumulative distribution function (resp. probability density

function) of i’s value distribution. It follows that Rev(M,G) = Ev,b[
∑

i φi(vi)x̃i(b)].

We refer to an atomless distribution with φi(vi) nondecreasing in vi as regular. For

regular distributions, the revenue-optimal mechanism chooses the allocation with the

highest virtual surplus
∑

i φi(vi)xi. For downward-closed settings, agents with nega-

tive virtual value are excluded via monopoly reserves, given by r∗i = inf{vi |φi(vi) ≥
0}.

The above characterization rewrites equilibrium revenue in terms of buyer surplus

in a transformed value space. Revenue maximization then amounts to excluding

agents with negative virtual values, and maximizing virtual welfare among those that

remain. We will extend the individual efficiency analysis of Lemma 5.17 to reason

about an agent’s contribution to revenue under monopoly reserves.

We consider only allocation rules which exclude agents below reserves. Consistent

with Section 4, we add reserves r to a mechanism or single-agent allocation rule by

setting to 0 all bids bi < ri before computing allocations, and we assume a bid of

0 yields allocation 0. For such allocation rules to successfully exclude low types, we

require additional assumptions on agents’ bids. In particular, we rule out equilibria

where agents overbid to beat the reserve, and those where high-valued agents could

attain positive utility but bid below the reserve inappropriately. Additionally, we

make the standard tie-breaking assumption that agents who are indifferent between

bidding below the reserve and above it bid above. These properties hold in winner-

pays-bid (and hybrid) mechanisms under many standard solution concepts, including

Bayes Nash equilibrium, where they follow from standard best response arguments.

The definition below makes these assumptions precise.

Definition 6.9. An equilibrium G for mechanism M respects reserves r if for all

agents i, vi ≥ ri if and only if bi ≥ ri. Similarly, a single-agent bidding outcome
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(v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) respects reserve r if for all θ, bθ ≥ r if and only if v ≥ r.

When a bidding outcome respects the monopoly reserve price r∗, we can extend

the analysis of individual efficiency to virtual welfare. We trade off an agent’s vir-

tual surplus Eθ[φ(v)x̃θ(bθ)] and threshold surplus with discounted reserve T r
∗
(z) =∫ z

x̃(r∗)
t(x) dx against their virtual value.

Lemma 6.10. Let F be a regular value distribution with monopoly reserve r∗. Further

let O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) be a single-agent bidding outcome with reserve r∗. If

O has winner-pays-bid payments, satisfies coarse best response, and respects reserve

r∗, then for any target allocation z ∈ [0, 1],

Eθ[φ(v)x̃θ(bθ)] + T r
∗
(z) ≥ ηφ(v)z, (34)

where η = 1− 1/e. If O instead has γ-hybrid payments for γ ∈ [0, 1), then (34) holds

with η = 1− γ1/(1−γ).

Proof. Since F is regular, φ(v) < 0 if and only if v < r∗, in which case the agent bids

below r∗. For such agents, x̃(b) = 0, and hence (34) holds trivially. Meanwhile for

an agent with value v ≥ r∗, individual efficiency implies a tradeoff between utility

and threshold surplus: u(O) + T (z) ≥ ηvz. The desired result, (34), will follow from

this inequality in two steps. First, note that discounting reserves in (34) yields a

smaller threshold surplus, T r
∗
(z). To compensate for this loss, we show below that

Eθ[p̃(bθ)] ≥ T (z) − T r∗(z). The agent’s surplus Eθ[vx̃
θ(bθ)] is the sum of utility and

payments, so we obtain an approximation in terms of this surplus:

Eθ[vx̃θ(bθ)] + T r
∗
(z) = u(O) + Eθ[p̃(bθ)] + T r

∗
(z) ≥ u(O) + T (z) ≥ ηvz. (35)

The second step is to note that (35) implies a corresponding approximation for virtual

surplus: when v ≥ r∗, we have φ(v) ≥ 0. Moreover, T r
∗
(z), and by the definition of

virtual values, φ(v) ≤ v. Hence, inequality (34) is a weakening of (35). The argument

is illustrated geometrically for winner-pays-bid mechanisms in Figure 3.

To complete the proof, we argue that Eθ[p̃(bθ)] ≥ T (z)−T r∗(z) for any agent with

v ≥ r∗. The argument below holds for winner-pays-bid mechanisms, and we defer the

hybrid proof to Appendix A. Figure 3b once again illustrates the winner-pays-bid

57



T r
∗
(z)

x̃(d)

z

1

Bid (d)vφ(v)

φ(v)x̃(b)

x̃(b)
x̃(r∗)

b(v)

Bid Allocation Rule

(a) Equation (34), illustrated for a determinis-

tic bid bθ = b. Lemma 6.10 shows the shaded

areas cover an η(γ) fraction of the dashed box,

which has area φ(v)z. Note that T r
∗
(z) omits

the area below x̃(r∗).

z

1
x̃(d)

Bid (d)v

ũ(b)

T (z)

x̃(b)
x̃(r∗)

b

Bid Allocation Rule

(b) Equations (35) and (43), illustrated for

deterministic bid bθ = b. Winner-pays-bid

payments p̃(b) = bx̃(b) (thick gray rectangle)

cover the threshold surplus from the reserve,

given by T (z)−T r∗(z) (dotted box). Combin-

ing this with individual efficiency of best re-

sponse, we see that the shaded areas and p̃(b)

together cover a (e − 1)/e fraction of dashed

box, of area vz.

Figure 3

analysis. For bidding outcomes that respect r∗, bids are at least r∗ whenever v ≥ r∗.

We may therefore lower bound winner-pays-bid payments by

Eθ[p̃(bθ)] = Eθ[bθx̃(bθ)] ≥ r∗x̃(r∗) ≥
∫ x̃(r∗)

0

t(x) dx = T (z)− T r∗(z),

where the final inequality follows because t(x) is nondecreasing in x. This completes

the proof for winner-pays-bid mechanisms.

We may apply Lemma 6.10 to obtain a revenue guarantee.

Theorem 6.11. Let G be a Bayes coarse correlated equilibrium of a mechanism M

with monopoly reserves r∗. Assume further that G satisfies no bidder communication,

that values are independently distributed according to regular distributions, and that G
respects reserves r∗. Then if M has winner-pays-bid payments, the expected revenue is

a µ(1−1/e)/2-approximation to that of the optimal mechanism, and if M has γ-hybrid

payments for γ ∈ [0, 1), then the expected revenue is a µ(1− γ1/(1−γ))-approximation

to that of the optimal mechanism.

58



Proof. Fix a value vi for agent i. If vi ≥ r∗i , Lemma 6.10 implies

φi(vi)xi(vi) + T
r∗i
i (x∗i (vi) | vi) ≥ ηφi(vi)x

∗
i (vi), (36)

where x∗i (vi) denotes the interim allocation probability for i under the allocation rule

of the revenue-optimal mechanism OptF for joint value distribution F , and xi(vi)

denotes their interim allocation probability in equilibrium. We sum (36) over all

agents and take expectations to obtain

Ev

[∑
i
φi(vi)xi(vi)

]
+ Ev

[∑
i
T
r∗i
i (x∗i (vi) | vi)

]
≥ η Ev

[∑
i
φi(vi)x

∗
i (vi)

]
.

Applying competitive efficiency and noting that µ ≤ 1 yields:

Ev

[∑
i
φi(vi)xi(vi)

]
+ Rev(M r∗ ,G) ≥ µη Ev

[∑
i
φi(vi)x

∗
i (v)

]
.

Since a mechanism’s expected revenue is equal to its expected virtual surplus, we

obtain the desired revenue guarantee:

2Rev(M r∗ ,G) ≥ µηRev(OptF ,F).

6.3 Robust Welfare from Weak Individual Efficiency

This section proves robust welfare guarantees for equilibria that only satisfy weak

individual efficiency, such as those of all-pay auctions. Under ordinary individual

efficiency, each agent’s equilibrium utility and threshold surplus approximate their

interim contribution to optimal welfare. Optimal interim allocation probabilities are

typically fractional, so weak individual efficiency requires a different accounting strat-

egy for optimal welfare. The argument below exploits the independence conditions of

the previous section to decompose optimal welfare instead into ex post contributions.

In a 0-1 allocation environment X ⊆ {0, 1}n, weak individual efficiency then yields a

tradeoff with respect to these ex post contributions.

The welfare result for weak individual efficiency requires independently-distributed

values and no bidder communication (Definition 6.8). We first spell out the conse-

quences of these assumptions. The first observation is that under these assumptions,

bidders’ interim allocation rules do not depend on their values. Consequently, thresh-

old surplus is also independent of values. The following notation makes this explicit.
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Definition 6.12. For bid distribution B, let ti(·) be the inverse of agent i’s uncon-

ditioned allocation rule Eb−i [x̃i(·,b−i)]. Then i’s unconditioned threshold surplus is

Ti(x) =
∫ x
0
ti(z).

With independent values and no bidder communication, the definition of compet-

itive efficiency simplifies. It is possible to further simplify when considering ex post

feasible rather than interim feasible allocations. The lemma below captures both

simplifications.

Lemma 6.13. Let M be a mechanism with competitive efficiency µ and y ∈ X be

an ex post feasible allocation. Then for any joint distribution G over bids and values

with independently distributed values and no bidder communication,

Rev(M,G) ≥ µ
∑

i
Ti(yi).

Proof. Definition 4.2 expresses competitive efficiency in terms of interim-feasible al-

locations ŷ = (ŷ1(·), . . . , ŷn(·)), mapping profiles of values to profiles of allocation

probabilities. If competitive efficiency holds for all interim-feasible allocations, it

must also hold for all constant allocations y ∈ X . For such constant y, agent i’s

threshold surplus Ti(yi | vi) only depends on vi due to conditioning. Under inde-

pendent values and no bidder communication, the threshold surplus further satisfies

Ti(yi | vi) = Ti(yi). The definition of competitive efficiency then becomes:

Rev(M,G) ≥ µ
∑

i
Evi [Ti(yi(vi) | vi)] =

∑
i
Evi [Ti(yi)] = µ

∑
i
Ti(yi).

The welfare result for weak individual efficiency is the following.

Theorem 6.14. Let M be a mechanism for an allocation environment X ⊆ {0, 1}n.

Assume M has competitive efficiency µ ≤ 1. Let G be an equilibrium with indepen-

dently distributed values, no bidder communication, nonnegative interim utilities, and

in which agents’ conditional bidding outcomes have weak individual efficiency η. Then

the expected welfare in G is a µη-approximation to the optimal welfare.

Proof. Given value profile v, let x∗(v) ∈ X denote the optimal ex post feasible

allocation for v. Since X ⊆ {0, 1}n, we have x∗i (v) ∈ {0, 1} for each agent i. For

agents with x∗i (v) = 1, weak individual efficiency implies:

ui(vi) + Ti(x
∗
i (v)) ≥ ηvix

∗
i (vi), (37)
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where ui(vi) = Eb | vi [ũi(b)] is i’s interim utility, which is nonnegative by assumption.

For i with x∗i (v) = 0, inequality (37) holds as well, by the nonnegativity of ui(vi).

Summing over agents and applying Lemma 6.13, we obtain:∑
i
ui(vi) + 1

µ
Rev(M,G) ≥ η

∑
i
vix
∗
i (vi),

Taking expectations with respect to v and using the fact that µ ≤ 1, we conclude:

Ev

[∑
i
ui(vi)

]
+ Rev(M,G) ≥ µη Ev

[∑
i
vix
∗
i (vi)

]
.

The first quantity is the expected utility in equilibrium. The last quantity is the

expected optimal welfare. Since welfare is utility plus revenue, we obtain the stated

approximation guarantee.

We obtain the following corollary for all-pay mechanisms.

Corollary 6.15. Let M be an all-pay mechanism for an allocation environment X ⊆
{0, 1}n. Assume M has competitive efficiency µ ≤ 1. Let G be a (1− ε)-Bayes coarse

correlated equilibrium with independently distributed values, no bidder communication,

and nonnegative interim utilities. Then the expected welfare in G is a µ(1 − ε)/2-

approximation to the optimal welfare.

6.4 Optimality and Necessity

The earlier results in this section provide sufficient conditions for welfare or revenue

in a mechanism to be high in the worst case over broad families of equilibria. We

now discuss two senses in which these bounds are often best possible. First, in Sec-

tion 6.4.1, we discuss whether the bounds derived are quantitatively optimal given

our assumptions. We show in particular that the welfare bound for the single-item

first-price auction is optimal. Second, in Section 6.4.2, we discuss whether compet-

itive efficiency is necessary for high robust welfare. Dütting and Kesselheim (2015)

demonstrate necessity for many natural settings; we briefly overview their results.

6.4.1 First-Price Auctions: Worst-Case Tightness

Given a mechanism (with an associated competitive efficiency) and a family of equilib-

ria, defined by a set of assumptions on information and behavior (with an associated

61



individual efficiency), this paper’s framework outputs a lower bound on the welfare

or revenue approximation ratio. Often the performance on individual equilibria in

the family is much closer to optimal than the bound produced by the framework.

When an equilibrium in the family meets the framework’s performance guarantee

with equality, it certifies that the guarantee is the best possible for this pairing of

mechanism and equilibrium family. For other pairings, it might be possible to im-

prove on the framework’s bounds using more tailored arguments. We discuss both

cases in more detail for single-item first-price auctions below.

The following example is due to Syrgkanis (2014). It demonstrates the tightness of

the (1− 1/e)-approximation of Corollary 6.6. Agents in the example have correlated,

private values, and play a Bayes-Nash equilibrium.

Example 6.16. The example has three agents. Agents 1 and 2 have perfectly

correlated values, drawn according to the distribution with CDF (e(1 − v))−1 for

v ∈ [0, 1 − 1/e] (and atom at v = 0). Agent 3 has value deterministically 1. If we

break ties in favor of agent 3, it is a Bayes-Nash equilibrium for agents 1 and 2 to

bid their value and agent 3 to bid 0. In the optimal allocation, agent 3 always wins.

A straightforward calculation shows the equilibrium welfare to be 1 − 1/e, while the

optimal welfare is clearly 1.

Bayes-Nash equilibrium in the first-price auction is notable as a special case of

several more general families of mechanisms and equilibria. All the winner-pays-bid

mechanism families studied in Section 4 contain the single-item first-price auction.

Furthermore, Bayes-Nash equilibrium is a special case of Bayes Correlated and Bayes

Coarse Correlated equilibrium (Bergemann and Morris, 2016). Example 6.16 has two

consequences for these more general families. First, it implies that the worst-case

bound of Theorem 6.2 is tight for all such families. Second, it implies that these

general families attain no worse approximations to the optimal welfare than Bayes-

Nash equilibria of the first-price auction, despite their greater richness.

It may be possible to impose additional restrictions on equilibria that rule out Ex-

ample 6.16. The worst-case bounds for these restricted families may improve upon the

bounds from Theorem 6.2. For example, when values are independently distributed,

Jin and Lu (2022) exploit independence to improve the welfare approximation guar-

antee for the first-price auction from 1 − 1/e ≈ .63 to 1 − 1/e2 ≈ .865. They further
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exhibit an example where this new bound is tight. As in Example 6.16, the tight

example has a single high-valued agent, who should always receive the item in the

welfare-optimal allocation, but underbids in equilibrium. Without correlation to co-

ordinate the bid distribution of the low-valued competition, however, Jin and Lu

(2022) instead use a large population of identical, independent agents to implement

a competing distribution for the high-valued agent.

Finally, tightness of the revenue result for first-price auctions is unknown. Be-

low, we give the worst-known example for revenue in Bayes-Nash equilibrium with

monopoly reserves, with independent, regularly-distributed values. Despite being the

worst known, the revenue approximation of the example is 1/2, compared to the

bound from Theorem 6.11 of (1− 1/e)/2 ≈ .31.

Example 6.17. The equilibrium has two agents. The first agent has value determin-

istically 1, and the second will have value CDF F2(v2) = 1− 1/v2 on support [1,∞).

The monopoly reserve for agent 1 is trivially 1. For agent 2, any price above 1 has

virtual value 0, so the monopoly reserve is ambiguous. Perturb F2 slightly such that

the monopoly reserve is 1. In equilibrium, agent 1 bids their value, 1. If we break ties

in favor of agent 2, then agent 2 also bids 1, yielding an expected revenue of 1. This

obtains less revenue than posting a price of H > 1 to agent 2, and upon rejection

selling to agent 1, which has expected revenue 2 − 1/H. Taking H → ∞ yields the

desired multiplicative loss of 1/2.

6.4.2 Necessity of High Competitive Efficiency

We have shown that high competitive efficiency is a sufficient condition for robust per-

formance guarantees. We now briefly examine whether it is also a necessary condition.

In other words, we study the extent to which a mechanism with poor competitive ef-

ficiency must also possess equilibria with welfare far from optimal. In settings where

this is the case, robust efficiency and competitive efficiency are equivalent design ob-

jectives, up to the individual efficiency of the family of equilibria being considered. A

formal treatment of necessity appears in Dütting and Kesselheim (2015). For brevity,

we simply overview the main ideas.

Recall the analysis of the highest-bids-win mechanism for single-minded combina-

torial auctions in Section 2.1. Lemma 2.11 exhibited a bid profile for this mechanism
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with low competitive efficiency. The profile had m + 1 agents, with Si = {i} for

i ∈ {1, . . . ,m} and Sm+1 = {1, . . . ,m}. Ties were broken in favor of agent m+1, and

the bid profile b = (0, . . . , 0, 1) implied a competitive efficiency of 1/m. Moreover,

Lemma 2.12 gave a related Nash equilibrium with low welfare by adding an additional

agent, m + 2, with Sm+2 = {1, . . . ,m}. When all agents had value 1, the bid profile

(0, . . . , 0, 1, 1) was a Nash equilibrium: the presence of agent m + 2 incentivized the

bid of agent m+ 1. The optimal welfare was m and the equilibrium welfare was 1.

This template can be extended to other bundle structures and allocation rules for

winner-pays-bid single-minded combinatorial auctions. Given a bid profile b with low

competitive efficiency, we consider adding duplicate bidders to enforce this bid profile

in equilibrium. In more detail, consider any winner-pays bid mechanism M which,

given two or more bidders with identical desired bundles, allocates to the one with

the highest bid. Let bids b and alternate allocation y exhibit competitive efficiency

at most µ. For each winner i under b in M , add duplicate i′ desiring the same

bundle. The following value and bid profiles are a Nash equilibrium with welfare

approximation µ in the augmented setting: for each winner i under b, give i and i′

value and equilibrium bid equal to bi. For agent i winning under y but not winning

under b, give that agent value b̂i(b−i) and bid bi. Give all other agents value and

bid 0. Under appropriate tiebreaking, this is an equilibrium for the same reasons as

in the previous example: winners (and their duplicates) under bi cannot reduce their

bids without losing, and losers under b cannot win without overbidding. Moreover,

the welfare approximation is equal to the competitive efficiency exhibited by b and

y.

Dütting and Kesselheim (2015) formalize the above approach for winner-pays-bid

mechanisms in arbitrary single-parameter environments. For any setting which can be

augmented with duplicates, and any winner-pays-bid mechanism which handles du-

plicates sensibly, any instance with competitive efficiency µ implies the existence of a

related instance and equilibrium for that related instance with welfare approximation

µ. This pinpoints the highest-bids-wins mechanism’s mismanagement of inter-bidder

competition as the source of its worst-case inefficiency. For single-minded combi-

natorial auctions in particular, they also show that no mechanism has competitive

efficiency better than
√
m/2. This implies that up to a constant factor, the greedy
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mechanism discussed in Section 4.3 is the optimal winner-pays-bid mechanism, with

respect to the objective of robust welfare approximation. More generally, this dis-

cussion further justifies the study of competitive efficiency as a design objective in

itself.

7 Beyond Single-Bid Mechanisms

Thus far, we have considered only single-bid mechanisms. We now generalize com-

petitive efficiency and individual efficiency to other families of mechanisms, where

agents’ available actions may be more complex than single bids. The central example

of this section is the simultaneous sale of multiple items to single-parameter unit-

demand agents: each agent i has value vi for any single item from a known subset

Si, and each item is sold separately by first-price auction. An agent’s action in this

composite mechanism is a vector of bids, one per auction. This section develops a

framework that accommodates mechanisms with richer action spaces such as these.

The section has two main goals. First, we give generalizations of competitive effi-

ciency and individual efficiency beyond single-bid mechanisms. These generalizations

imply robust welfare and revenue guarantees that hold under correlated values and

arbitrary information structures, as before. Second, we give a robust welfare and

revenue analysis of simultaneous auctions. However, with correlated values, simulta-

neous first-price auctions are known to have arbitrarily inefficient equilibria (Feldman

et al., 2013). Therefore, this section also provides a another definition of competitive

efficiency tailored specially to independent value distributions that is closed under

simultaneous composition of mechanisms. This will imply robust welfare and revenue

guarantees for simultaneous auctions.

Section 7.1 generalizes competitive efficiency, as well as the necessary preliminary

definitions. It also defines the weaker notion of competitive efficiency tailored to inde-

pendent value distributions mentioned above. Section 7.2 then generalizes individual

efficiency, and presents the resulting robust welfare and revenue guarantees. Finally,

Section 7.3 applies the new framework to simultaneous auctions, which yields ro-

bust welfare and revenue guarantees for simultaneous first-price auctions, and robust

welfare guarantees for simultaneous all-pay auctions.
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7.1 Generalized Competitive Efficiency

Competitive efficiency compares a mechanism’s revenue to its threshold surplus, which

measures the competition between agents. For single-bid mechanisms, threshold sur-

plus is in turn governed by the agent’s threshold bids, or in randomized environments

by the agent’s tradeoff between bids and allocation. It is thus not defined when agents

have richer action spaces than real-valued bids. In this section, we adapt competitive

efficiency to more general mechanisms. First, we generalize the notion of threshold

surplus, and define a general notion of competitive efficiency. More precisely, we

define several threshold surplus functions, each of which is well-defined in general

mechanisms, and each of which gives a different way to measure agents’ competition.

We then define generalized competitive efficiency, which, given a choice of threshold

surplus function, compares a mechanism’s threshold surplus to its revenue. In ad-

dition to the general definition of competitive efficiency, we define a weaker version

tailored to independent value distributions, which we require for the simultaneous

composition result of Section 7.3.

To generalize threshold surplus, we measure an agent’s tradeoff between allocation

and the cost of that allocation. For single-bid mechanisms, the cost of allocation was

captured by the bid. For mechanisms with richer action spaces, we instead consider a

real-valued cost function defined over each agent’s actions. Two examples of interest

include the action’s price per unit of allocation and gross price, each defined below. In

what follows, let x̃i(ai | vi) = Ea−i | vi [x̃i(ai, a−i | vi)] denote agent i’s interim allocation

and p̃i(ai | vi) = Ea−i | vi [p̃i(ai, a−i | vi)] their interim payment function for action ai

given value vi.

Definition 7.1. Given joint distribution G over actions and values, the price per unit

for action ai, denoted βPPU
i (ai | vi), is given by βPPU

i (ai | vi) = p̃i(ai | vi)/x̃i(ai | vi). The

gross price of action ai, denoted βAP
i (ai | vi), is given by βAP

i (ai | vi) = p̃i(ai | vi).

In general, we will consider cost functions that do not depend on the realized values

or bids of other agents, but may depend on the distributions of these quantities, as is

the case for price per unit and gross price. Note that in winner-pays-bid mechanisms,

holds that βPPU
i (bi | vi) = bi, and in all-pay mechanisms, βAP

i (bi | vi) = bi. To define

threshold surplus, we then measure an agent’s Pareto frontier between a chosen cost
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function and allocation probabilities. For each agent i, we further discount costs

below a minimum cost ri, analogous to reserves single-bid auctions. This will enable

us to study simultaneous first-price auctions with individualized reserves: if agent i

faces a reserve of ri in each mechanism, this imposes a minimum price per unit of ri

for allocation overall. Definitions 7.2 and 7.3, below, make this precise.

Definition 7.2. Given joint distribution G over actions and values, value vi for

agent i, target allocation probability x ∈ [0, 1], and cost function βi, agent i’s interim

threshold cost is given by τi(x | vi) = infai : x̃i(ai | vi)≥x βi(ai | vi). Given reserve cost

ri, agent i’s interim threshold cost with discounted reserve is given by τ rii (x | vi) =

τi(x | vi) if τi(x | vi) ≥ ri and τ rii (x | vi) = 0 otherwise.

Definition 7.3. Given joint distribution G over actions and values, allocation prob-

ability yi ∈ [0, 1], and reserve cost ri, agent i’s generalized threshold surplus with

discounted reserve for yi is given by T ri
i (yi | vi) =

∫ yi
0
τ rii (x | vi) dx. When ri = 0, we

omit ri and simply write Ti(yi | vi). See Figure 4a for illustration.

The generalized definition of competitive efficiency compares the threshold surplus

to the mechanism’s revenue. The definition parallels Definition 4.2, but threshold

surplus is now taken with respect to general cost functions.

Definition 7.4. Let G be a joint distribution over values and actions, with values

following marginal distribution F . For (implicit) cost functions βi for each agent i,

the generalized competitive efficiency of a mechanism M and reserve costs r for G is

the largest µ such that for any feasible profile y of interim allocation functions,

Rev(M,G) ≥ µ
∑

i
Evi∼Fi [T ri

i (yi(vi) | vi)] .

The competitive efficiency for a family of mechanisms over a family of distributions

is the smallest competitive efficiency of any mechanism in the first family over any

distribution in the second.

For the mechanisms analyzed in Section 4, we immediately obtain competitive

efficiency guarantees under the generalized Definition 7.4. For winner-pays-bid (resp.

all-pay) mechanisms, the price per unit (resp. gross price) of a bid is the bid itself.

Thus with cost functions βPPU
i (resp. βAP

i ), Definitions 7.2, 7.3, and 7.4 coincide
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(b) Generalized individual efficiency

analysis of Lemma 7.10 for price per

unit costs βPPU(a | vi). Each action

induces a point (βPPU(a), x̃(a)), as in

Figure 4a. The Pareto frontier traces

a mapping x̂(·) from prices per unit

to allocations. This is equivalent to a

winner-pays bid mechanism with allo-

cation rule x̂(·).

Figure 4

with their analogs from Section 4. Hence these mechanisms satisfy the generalized

definition of competitive efficiency. A generalization of Lemma 4.37 further implies

generalized competitive efficiency bounds for hybrid mechanisms with price-per-unit

costs. The following lemma formalizes this discussion.

Lemma 7.5. For winner-pays-bid (resp. γ-hybrid) mechanism M and reserve costs

r, if M has competitive efficiency µ, then with price per unit costs, M also has gen-

eralized competitive efficiency µ (resp. γµ). For all-pay mechanism M , if M has

competitive efficiency µ, then with gross price costs, M also has generalized competi-

tive efficiency µ.

Proof. We first consider all-pay and winner-pays-bid mechanisms, then extend the

winner-pays-bid analysis to hybrid mechanisms. For both winner-pays-bid mecha-

nisms and all-pay mechanisms under price-per-unit and gross price respectively, the

cost of a bid is the bid itself. Hence, threshold surplus and generalized threshold

surplus are equal, i.e. T rii (x | vi) = T ri
i (x | vi) for all x. This implies the desired
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generalized competitive efficiency for both winner-pays-bid and all-pay mechanisms:

Rev(M,G) ≥ µ
∑

i
Evi∼Fi [T rii (yi(vi) | vi)] = µ

∑
i
Evi∼Fi [T ri

i (yi(vi) | vi)] .

For γ-hybrid mechanism Mγ with allocation rule x̃, we consider price per unit

costs, and compare to the winner-pays-bid mechanism MWPB for x̃. We super-

script relevant quantities by γ or WPB as appropriate. First note that winner-

pays-bid payments for bid bi are always at least the hybrid payments for that same

bid. That is, p̃WPB
i (bi | vi) ≥ p̃γi (bi | vi). It follows that the price per unit for b in

x̃ is higher with winner-pays-bid than with hybrid payments, i.e.: βWPB
i (bi | vi) =

p̃WPB
i (bi | vi)/x̃i(bi | vi) ≥ p̃γi (bi | vi)/x̃i(bi | vi) = βγi (bi | vi). Consequently, the same in-

equality holds for generalized threshold surplus: T ri,WPB
i (yi(vi) | vi) ≥ T ri,γ

i (yi(vi) | vi).
Meanwhile, note that payments in the γ-hybrid mechanism are at least a γ-fraction

of the winner-pays-bid payments, by definition. Hence:

Rev(Mγ,G) ≥ γRev(MWPB,G)

≥ γµ
∑

i
Evi∼Fi

[
T ri,WPB
i (yi(vi) | vi)

]
≥ γµ

∑
i
Evi∼Fi [T ri,γ

i (yi(vi) | vi)] .

This implies the stated generalized competitive efficiency bound.

Definition 7.4 allows arbitrarily correlated distributions G over values and bids.

We now present a version of competitive efficiency which is tailored to independent

distributions. More precisely, this version is restricted in two ways. First, it quantifies

only over distributions with independent values and no bidder communication. For

such distributions, an agent’s threshold surplus does not depend on their value vi.

We therefore omit the conditioning on vi, and write T ri
i (x) for i’s threshold surplus.

Second, we consider only ex post feasible allocations in the computation of threshold

surplus. The resulting definition is weaker (i.e. easier to satisfy) than Definition 7.4,

and parallels Lemma 6.13 for single-bid mechanisms. Formally we have:

Definition 7.6. Let G be a joint distribution over values and actions with independently-

distributed values and no bidder communication. The weak competitive efficiency of

a mechanism M for minimum costs r is the largest µ such that for any ex post feasible

allocation y ∈ X , the revenue is at least a µ fraction of the threshold surplus:

Rev(M,G) ≥ µ
∑

i
T ri
i (yi).
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We refer to the weak competitive efficiency of a mechanism over all G with independently-

distributed values and no bidder communication simply as its weak competitive effi-

ciency.

The following is then immediate from definitions.

Lemma 7.7. If a mechanism M has generalized competitive efficiency µ, then it also

has weak competitive efficiency µ.

The analysis in the next two sections focus on weak competitive efficiency and its

consequences. Section 7.2 generalizes individual efficiency beyond single-bid mecha-

nisms, and shows how weak competitive efficiency and generalized individual efficiency

together imply welfare and revenue guarantees. In Section 7.3 we prove that weak

competitive efficiency is preserved when mechanisms are run simultaneously.

7.2 Generalized Individual Efficiency

We next generalize individual efficiency. As in the single-bid framework, individual

efficiency measures how well agents trade off their utility against threshold surplus

in their single-agent bidding problem. For general mechanisms, we now measure

threshold surplus with respect either the to price per unit or gross price of allocation

(Definition 7.1). We first define single-agent outcomes and individual efficiency for the

general setting. Next, we prove individual efficiency bounds for best response, which

now depend on the cost function used to calculate threshold surplus. Finally, we state

the robust welfare and revenue guarantees that follow from combining competitive

and individual efficiency.

The definitions below generalize individual efficiency. Definition 7.8 first gives the

necessary notation for outcomes of general single-agent mechanisms. Definition 7.9

then generalizes ordinary and weak individual efficiency. Both definitions are me-

chanically identical to their single-bid counterparts, with the addition of considering

general cost functions.

Definition 7.8. A single-agent outcome O = (v, {x̃θ}θ, {p̃θ}θ, {aθ}θ) is given by

a value v ≥ 0 and a joint distribution over actions aθ, allocation rules x̃θ, and

payment rules p̃θ, indexed by random variable θ. The agent’s utility is given by
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u(O) = Eθ[vx̃θ(aθ) − p̃θ(aθ)]. The agent’s expected allocation rule for action a

is x̃(a) = Eθ[x̃θ(a)], and given a cost function β, the interim threshold costs are

τ (x) = inf{β(a) | x̃(a) ≥ x}. The threshold surplus is T (z) =
∫ z
0
τ (x) dx.

Definition 7.9. The generalized individual efficiency of a single-agent outcome O =

(v, {x̃θ}θ, {p̃θ}θ, {aθ}θ) for target allocation z is the ratio η(z) = (u(O) + T (z))/vz.

We call η = infz∈[0,1] η(z) the generalized individual efficiency of O, and η(1) the

weak generalized individual efficiency. The (weak) generalized individual efficiency of

a family of outcomes is the smallest of any outcome in the family.

We now prove concrete individual efficiency bounds, restricting our analysis to

exact best response. Depending on the cost function used to calculate threshold

surplus, the quantitative tradeoff between threshold surplus and utility will change.

We consider price per unit and gross price, and show that the individual efficiency

under these two cost function is equal to the individual efficiency of best response in

winner-pays-bid and all-pay mechanisms, respectively. Notably, these guarantees hold

regardless of the payment format of the single-agent mechanism, as long as the agent

best responds. The result follows from identifying, for any single-agent mechanism, a

single-agent winner-pays-bid (resp. all-pay) mechanism that is equivalent with respect

to both best response utility and price per unit (resp. gross price) threshold surplus.

Formally, we have:

Lemma 7.10. The generalized individual efficiency of outcomes satisfying coarse best

response with price per unit costs is 1− 1/e. The weak generalized individual efficiency

of outcomes satisfying coarse best response with gross price costs is 1/2.

Proof. We argue the claim for price per unit costs, then explain how to extend the

argument to gross price costs. Let O = (v, {x̃θ}θ, {p̃θ}θ, {aθ}θ) be a single-agent

outcome, with expected allocation rule x̃(·) = Eθ[x̃θ(·)]. Then x̃(·) induces a Pareto

frontier between allocation and price per unit: x̂(b) = supa :βPPU(a)≤b x̃(a), with inverse

τ̂(x) = inf{b : x̂(b) ≥ x}. See Figure 4b for illustration. We may treat x̂(b) and

p̂(b) = bx̂(b) as a single-agent winner-pays-bid mechanism and apply the individual

efficiency guarantees for single-agent signal-free bidding outcomes. Specifically, let b∗

be a single bid maximizing vx̂(b) − p̂(b). Then the single-agent signal-free bidding

outcome (v, x̂, p̂, b∗) satisfies best response. Moreover, for any target allocation z,
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the winner-pays-bid threshold surplus
∫ z
0
τ̂(x) dx for (v, x̂, p̂, b∗) is equal to the price

per unit surplus T (z) of x̃(·), and hence by Lemma 5.17, vx̂(b∗) − p̂(b∗) + T (z) ≥
vz(1 − 1/e). But since the original outcome (v, {x̃θ}θ, {p̃θ}θ, {aθ}θ) satisfies coarse

best response, we have u(O) ≥ vx̂(b∗)− p̂(b∗), yielding the stated individual efficiency

guarantee. For gross price costs, we apply the same argument to the Pareto frontier

between allocation and gross price, and treat this frontier as the allocation rule in an

all-pay bidding outcome. The claim then follows from applying coarse best response

and the weak individual efficiency of Lemma 5.23 for all-pay bidding outcomes.

We conclude the section by stating the robust welfare and revenue guarantees

implied by competitive efficiency and individual efficiency. We assume independent

value distributions and no bidder communication and focus on weak competitive

efficiency, so that we may apply these results to simultaneous auctions in the next

section. Note however that robust guarantees hold for the general form of competitive

efficiency as well. As with the single-bid framework, we study mechanisms satisfying

competitive efficiency in equilibria where agents’ corresponding single-agent outcomes

satisfy individual efficiency. These single-agent outcomes are defined as follows.

Definition 7.11. Given equilibrium G and agent i with value vi, define the condi-

tional outcome for i as follows. The distribution of (v−i, a) ∼ G | vi induces a joint

distribution Di(vi) over actions ai for i, allocation rules x̃i(·, a−i), and payment rules

p̃(·, a−i). The conditional outcome for i is (vi,Di(vi)).

We state the welfare guarantees for the generalized framework below as Theo-

rems 7.12 and 7.13. Theorem 7.12 assumes generalized individual efficiency η, and

holds for all mechanisms with weak competitive efficiency µ. Theorem 7.13 assumes

the less strict notion of weak generalized individual efficiency, but only holds with 0-1

allocations. Both results require independent values and no bidder communication.

They hold by identical arguments to their single-bid analogs, Theorems 6.2 and 6.14.

Theorem 7.12. Let M be a mechanism with weak competitive efficiency µ ≤ 1 for

cost function β, and G an equilibrium for M with independent values and no bidder

communication, and in which agents’ conditional outcomes have individual efficiency

η for β. Then the expected welfare in G is a µη-approximation to the optimal welfare.
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Theorem 7.13. Let M be a mechanism for an allocation environment X ⊆ {0, 1}n.

Assume M has weak competitive efficiency µ ≤ 1 for cost function β. Let G be

an equilibrium for M with independent values and no bidder communication, and in

which agents’ conditional outcomes have weak generalized individual efficiency η for

β. Then the expected welfare in G is a µη-approximation to the optimal welfare.

Finally, the general framework admits revenue analysis with few modifications.

Below, we present the suitable extensions using the price per unit cost function,

along with the resulting robust revenue guarantee.

Definition 7.14. A mechanism M enforces reserves r if for all agents i and actions

ai, x̃i(ai) = 0 whenever βPPU
i (ai) < ri. An equilibrium G for M respects reserves r if

for all agents i with value vi and all actions ai, vi ≥ ri if and only if βPPU
i (ai) ≥ ri.

Define both terms analogously for single-agent outcomes.

Lemma 7.15. Let F be a regular value distribution with monopoly reserve r∗, and let

O = (v, {x̃θ}θ, {p̃θ}θ, {aθ}θ) be a single-agent outcome satisfying coarse best response.

If O enforces and respects r∗, then with price per unit costs, the following holds for

all target allocation levels z:

Eθ[φ(v)x̃θ(aθ)] + T r∗(z) ≥ (1− 1/e)φ(v)z. (38)

Theorem 7.16. Let M be a mechanism with weak competitive efficiency µ ≤ 1 with

price per unit costs that enforces monopoly reserves r∗. Let G be a Bayes coarse corre-

lated equilibrium with independently distributed values and no bidder communication,

and assume G respects r∗. Then the expected revenue is a µ(1− 1/e)/2-approximation

to that of the optimal mechanism.

Proofs of Lemma 7.15 and Theorem 7.16, both omitted, again mimic those of

previous results. The proof of Lemma 7.15 parallels that of its winner-pays-bid analog

(Lemma 6.10) exactly. The proof of Theorem 7.16 combines those of Theorem 6.11

and Theorem 6.14.

7.3 Simultaneous Composition

This section analyzes the competitive efficiency of simultaneous auctions. We con-

sider a setting with n single-parameter agents seeking an abstract service. Agents
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may participate in one or more of m separate mechanisms. The mechanisms are run

simultaneously; each agent takes a profile of actions, one per mechanism. Taking allo-

cation levels in [0, 1] to be fractional levels of service, we define an agent’s service level

in the combined mechanism to be their maximum service level across all mechanisms.

Agents make the assigned payments to all mechanisms. We refer to the aggregate

mechanism as the simultaneous composition of the individual component mechanisms.

The main result is that if each individual mechanism has weak competitive efficiency

µ, then so too does the aggregate mechanism produced by simultaneous participation

as described above. This implies that to understand the robust performance of a

larger system, it suffices to understand that of the component mechanisms.

Formally, a simultaneous composition of mechanisms consists of m separate fea-

sibility environments X 1, . . . ,Xm, one per component mechanism. Each component

mechanism M j is comprised of an allocation rule x̃j and a payment rule p̃j, mapping a

profile of actions aj to an allocation in X j and a nonnegative payment vector, respec-

tively. We assume each mechanism has a withdraw action ⊥ which guarantees zero

allocation and payments in M j. Define the simultaneous composition of mechanisms

M1, . . . ,Mm in the following way:

Definition 7.17. Let mechanisms M1, . . . ,Mm have allocation and payment rules

(x̃j, p̃j) and individual action spaces spaces A1
i , . . . , A

m
i for each agent i. The simul-

taneous composition of M1, . . . ,Mm is defined to have:

• Action space
∏

j A
j
i for each agent. That is, each agent participates in the global

mechanism by participating in each component mechanism individually. Given

a profile of actions a for each agent, we denote by aj the profile of actions

restricted to mechanism j.

• Allocation rule x̃i(a) = maxj x̃
j
i (a

j). That is, each agent is served at their

highest level across all component mechanisms.

• Payment rule p̃i(a) =
∑

j p̃
j
i (a

j). That is, agents make payments to every com-

ponent mechanism.

Note that as a consequence of Definition 7.17, we may define the composite feasibil-

ity environment as the set of allocation levels induced by the component mechanisms,
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i.e.

X = {(max
j
xj1, . . . ,max

j
xjn) |x1, . . . ,xm ∈ X 1, . . . ,Xm}.

Competitive efficiency holds with respect to cost functions βi for each i for the

composite mechanism. For each component mechanism M j, we consider projecting

βi down to obtain a cost βji in M j. This can be done in the following formulaic

way. Let aji be an action for agent i in mechanism j, and let âji denote the action

for agent i in the composite mechanism where i plays aji in mechanism M j and

withdraws from all other mechanisms j′ 6= j. Now let ai be an action in the composite

mechanism consisting of actions aji in mechanism M j for each j. Define βji (ai) =

βi(â
j
i ) (where we omit conditioning in βi(â

j
i | vi) as we will consider only independent

value distributions). For the example of price per unit costs βPPU
i , βji corresponds

to the price per unit cost in the component mechanism M j as one would expect.

Furthermore, for any allocation x ∈ [0, 1], we may define agent i’s threshold cost

τ ji (x) = infai:x̃i(ai)≥x β
j
i (ai), and similarly define the threshold cost with discounted

reserve τ j,rii (x) and generalized threshold surplus with discounted reserve T j,ri
i (x) for

mechanism M j analogously to Definitions 7.2 and 7.3. Define competitive efficiency

in the component mechanisms with respect to the projections βji . We can now give

the section’s main result.

Theorem 7.18. Let M be the simultaneous composition of mechanisms M1, . . .Mm.

If all of M1, . . . ,Mm have weak competitive efficiency µ with reserve costs r, then so

too does M .

The theorem follows from two observations. First, revenue in the composite mech-

anism is the sum of that in the component mechanisms. Competitive efficiency of the

component mechanisms thus lower bounds the aggregate revenue in terms of the sum

of threshold surpluses of the component mechanisms. Second, agents’ threshold costs

are lower in the composite mechanisms than in any individual component mechanism.

In other words, it is easier for agents to secure allocation with more mechanisms to

participate in. We state the second observation as Lemma 7.19 below.

Lemma 7.19. For any distribution of actions and values G, any z ∈ [0, 1], any

component mechanism M j, and any reserve cost ri, T ri
i (z) ≤ T j,ri

i (z).
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Proof. By definition, τi(x) = infai:x̃i(ai)≥x β(ai) ≤ infai:x̃i(ai)≥x β
j
i (ai) = τ ji (x), and so

τ rii (x) ≤ τ j,rii (x). Integrating both quantities yields T ri
i (x) ≤ T j,ri

i (x).

Proof of Theorem 7.18. Let y be an ex post feasible allocation in the composite envi-

ronment, where y1 . . . ,ym ∈ X 1, . . . ,Xm denotes a profile of ex post feasible alloca-

tions for each component environment certifying the feasibility of y, i.e. yi = maxj y
j
i

for all i. For each agent i, let δij be an indicator taking value 1 if j is the lowest index

such that yi = yji , and 0 otherwise. Further let Revj(M,G) denote the revenue from

component mechanism M j under G. We obtain the following sequence of inequalities,

explained after their statement:

1
µ
Rev(M,G) =

∑
j

1
µ
Revj(M,G) (39)

≥
∑

j

∑
i
T j,ri
i (yji ) (40)

≥
∑

j

∑
i
T ri
i (yji ) (41)

≥
∑

j

∑
i
δijT

ri
i (yi)

=
∑

i
T ri
i (yi).

Line (39) follows from the definition of payments in a composite mechanism as the sum

of the revenues of the component mechanisms. Line (40) comes from the assumption

that each component mechanism has weak competitive efficiency µ with minimum

costs r. Line (41) follows from Lemma 7.19. The remaining lines follow from the

definition of feasibility in the composite mechanism.

If we consider price per unit costs, then Theorem 7.18 implies that the simultane-

ous composition of winner-pays-bid and hybrid mechanisms inherits the competitive

efficiency of the component mechanisms, and hence their robust welfare guarantees.

Moreover, if all mechanisms have monopoly reserves, the same can be said for revenue.

Corollary 7.20. Let M be the simultaneous composition of winner-pays-bid or hybrid

mechanisms, each with weak competitive efficiency at least µ ≤ 1. Then in any

Bayes coarse correlated equilibrium of M with independent values satisfying no bidder

communication, the welfare is at least a µ(1− 1/e) fraction of optimal.

Corollary 7.21. Let M be the simultaneous composition of winner-pays-bid mecha-

nisms, each with weak competitive efficiency at least µ ≤ 1, and each with monopoly
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reserves. Then in any Bayes coarse correlated equilibrium with independent, regularly

distributed values, satisfying no bidder communication, and which respects monopoly

reserves r∗, the revenue is at least a µ(1− 1/e)/2 fraction of optimal.

Theorem 7.13 similarly implies a welfare guarantee for simultaneous all-pay mech-

anisms.

Corollary 7.22. Let M be the simultaneous composition of all-pay mechanisms for

composed feasibility environment X ⊆ {0, 1}n, each with weak competitive efficiency

at least µ ≤ 1. Then in any Bayes coarse correlated equilibrium with independent

values satisfying no bidder communication, the welfare is at least a µ/2 fraction of

optimal.
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A Proof of Lemma 6.10

This appendix proves Lemma 6.10, which gives an analog to individual efficiency for

virtual surplus for winner-pays-bid and hybrid mechanisms. In particular, we prove

the hybrid case of the lemma, restated below.

Lemma 6.10. Let F be a regular value distribution with monopoly reserve r∗. Further

let O = (v, {x̃θ}θ, {p̃θ}θ, {bθ}θ) be a single-agent bidding outcome with reserve r∗. If

O has γ-hybrid payments, satisfies coarse best response, and respects reserve r∗, then

for any target allocation z ∈ [0, 1],

Eθ[φ(v)x̃θ(bθ)] + T r
∗
(z) ≥ ηφ(v)z, (42)

with η = 1− γ1/(1−γ).

Proof. The proof in Section 6.2 establishes the desired inequality (42), assuming that

Eθ[p̃(bθ)] ≥ T (z) − T r∗(z), and shows that this inequality holds for winner-pays-bid

payments. All that remains is to prove the same inequality for hybrid mechanisms.

To do so, we first prove the inequality for truthful payments. As a consequence, the

same inequality will hold for the convex combination of truthful and winner-pays-bid

payments. The analysis is as follows:

Eθ
[
bθx̃(bθ)−

∫ bθ

0

x̃(b†) db†
]
≥ Eθ

[
r∗x̃θ(r∗)−

∫ r∗

0

x̃θ(b†) db†
]

(43)

= Eθ[r∗x̃θ(r∗)] (44)

= r∗x̃(r∗) (45)

= T (z)− T r∗(z), (46)

where (43) follows from monotonicity of truthful payments, (44) from the fact that

x̃θ(b†) = 0 for all b† < r∗, and (45) and (46) from the definitions of the average

allocation rule x̃(b) = Eθ[x̃θ(b)] and threshold surplus, respectively.

B Proof of Lemma 5.17

This appendix presents the analysis of individual efficiency for γ-hybrid single-agent

bidding outcomes for general values of γ ∈ [0, 1), complementing the winner-pays-bid

(γ = 1) analysis in Section 5.5. The bounds we obtain are restated below.
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Lemma 5.18. The individual efficiency of single-agent γ-hybrid bidding outcomes

under coarse best response is η = 1− γ1/(1−γ) for γ ∈ [0, 1).

By Lemma 5.12, it suffices to analyze signal-free bidding outcomes. To do so,

we will express individual efficiency as the solution to an infinite-dimensional linear

program, then solve the problem by exhibiting matching primal and dual solutions.

For a fixed γ, value v, and target allocation level z, consider the following linear

program, denoted LP(γ, v, z), with a decision variable u and variables t(x) for all

x ∈ [0, 1]:

minimize u+

∫ z

0

t(x) dx

subject to u ≥ vx− γt(x)x− (1− γ)

∫ x

0

t(y) dy x ∈ [0, 1] (BR(x))

t(x) ≥ 0 x ∈ [0, 1].

To interpret this program, consider a γ-hybrid bidding outcome with best response

utility u, allocation rule x̃, and inverse allocation rule t(x) = inf{b | x̃(b) ≥ x} for

every x ∈ [0, 1]. We will verify shortly that the pair (u, t) is feasible for LP(γ, v, z),

where BR(x) will hold for each x ∈ [0, 1] because of the best response inequali-

ties. If we denote the optimal solution to LP(γ, v, z) by OPT(γ, v, z), then it fol-

lows that the worst-case individual efficiency for γ-hybrid bidding outcomes is at

least infv,z OPT(γ, v, z)/vz. The individual efficiency guarantee will follow from lower

bounding OPT(γ, v, z) for every choice of v and z, then exhibiting a matching single-

agent bidding outcome for each v and z.

Verifying Feasibility. Given a γ-hybrid bidding outcome with best response utility

u and inverse allocation rule t, we can verify feasibility of (u, t) for LP(γ, v, z) as

follows. Nonnegativity of t(x) follows by definition. The constraints BR(x) for each

x will follow from the best response inequalities. In more detail, given x ∈ [0, 1], if

there exists a b such that x̃(b) = x, then t(x) = b. The utility for bidding b in this

case can be shown to be exactly the righthand side of BR(x). Otherwise, there is no

bid yielding exactly allocation probability x. The argument below verifies that BR(x)

holds even for such x, by showing that there is some bid in the neighborhood of t(x)

that yields utility ε-close to the righthand side of BR(x) for any ε.
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Before making the main argument, note that we may rewrite the righthand side

of BR(x) as:

vx− γt(x)x− (1− γ)

∫ x

0

t(y) dy = (v − t(x))x+ (1− γ)

∫ x

0

t(x)− t(y) dy

= (v − t(x))x+ (1− γ)

∫ t(x)

0

x̃(b†) db†, (47)

where (47) follows from a change of variables, integrating with respect to bids rather

than allocations. Similarly, we may rewrite the utility from a bid b in the hybrid

mechanism as:

ũ(b) = γ(v − b)x̃(b) + (1− γ)
(
vx̃(b)−

(
bx̃(b)−

∫ b

0

x̃(b†) db†
))

= (v − b)x+ (1− γ)

∫ b

0

x̃(b†) db†. (48)

We now consider the utility from bids just above and below t(x). Define x− =

limb→t(x)− x̃(b) and x+ = limb→t(x)+ x̃(b) to be left- and right-hand limits of the alloca-

tion rule at t(x). Recall that we only consider nondecreasing x̃ in hybrid mechanisms,

so that there exist dominant-strategy truthful payments. For nondecreasing x̃, the

limits x− and x+ exist and satisfy x− ≤ x+. Moreover, by the definition of t(x), we

also have x ∈ [x−, x+]. Now consider the utility for bidding just below and just above

t(x). Letting u− = limb→t(x)− ũ(b) and u+ = limb→t(x)+ ũ(b), we have:

u− = (v − t(x))x− + (1− γ)

∫ t(x)

0

x̃(b†) db†

u+ = (v − t(x))x+ + (1− γ)

∫ t(x)

0

x̃(b†) db†.

Let ux denote the righthand side of (47). Then if v ≥ t(x), it holds that u− ≤ ux ≤ u+.

Otherwise, u+ ≤ ux ≤ u−. Either way, this implies that for any ε, there exists a bid

b such that ũ(b) ≥ ux− ε. Since this holds for all ε, it must be that the best response

utility u is at least ux, and hence BR(x) holds.

Lower Bounding OPT(γ, v, z). To lower bound the objective value of LP(γ, v, z),

we exhibit a solution to the dual. Rather than state the dual program, we will

describe the dual variables as weights on the constraints, and directly integrate the
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constraints to obtain a lower bound. The help define the weights ψ(x) for each BR(x),

let x = zγγ/(1−γ). Then we have:

ψ(x) =


0 x < x

z1−1/γ

γx2−1/γ x ≤ x < z

0 z ≤ x ≤ 1.

We next integrate each term in BR(x), weighting by ψ(x). The integrals can be

computed one by one, starting with the lefthand side:∫ 1

0

uψ(x) d =

∫ z

x

uψ(x) dx = u

∫ z

x

z1−1/γ

γx2−1/γ
dx = u.

The first term on the right of BR(x) integrates to:∫ z

x

vxψ(x) dx =
vz1−1/γ

γ

∫ z

x

1

x1−1/γ
dx =

vz1−1/γ

γ
γ(1−γ1/(1−γ))z1/γ = vz(1−γ1/(1−γ)).

Skipping the second term momentarily, we focus on the third term on the right of

BR(x). Let Ψ(x) = z1−1/γ

x1−1/γ(1−γ) denote the antiderivative of ψ. We can integrate the

third term as follows:∫ z

x

(1− γ)

∫ x

0

t(y) dy ψ(x) dx

= (1− γ)

∫ z

x

∫ x

0

t(y) dy ψ(x) dx

= (1− γ)
(∫ x

0

t(y) dyΨ(x)
∣∣∣z
x=x
−
∫ z

x

t(x)Ψ(x) dx
)

(49)

= (1− γ)
(∫ x

0

t(y) dy
z1−1/γ

x1−1/γ(1− γ)

∣∣∣z
x=x
−
∫ z

x

t(x)Ψ(x) dx
)

=

∫ z

0

t(x) dx− z1−1/γ

x1−1/γ

∫ x

0

t(y) dy −
∫ z

x

t(x)
z1−1/γ

x1−1/γ
dx, (50)

where line (49) follows from integration by parts. We now consider the second term

on the right of BR(x), which simplifies to:∫ z

x

γxt(x)ψ(x) dx =

∫ z

x

γxt(x)
z1−1/γ

γx2−1/γ
dx =

∫ z

x

t(x)
z1−1/γ

x1−1/γ
dx.
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Notice that this is equal to the third term in (50). Combining these integrals, we get

the following inequality:

u ≥ vz(1− γ1/(1−γ))−
∫ z

0

t(x) dx+
z1−1/γ

x1−1/γ

∫ x

0

t(y) dy.

Noting that the final term on the right is nonnegative and rearranging, we get:

u+

∫ z

0

t(x) dx ≥ vz(1− γ1/(1−γ)). (51)

This implies the stated lower bound on the individual efficiency of γ-hybrid bidding

outcomes.

Upper Bounding Individual Efficiency. To show that our lower bound on in-

dividual efficiency is the best possible, we exhibit a bidding outcome for each v and

z that meets the stated individual efficiency bound exactly. Define the single-agent

allocation rule as:

x̃(b) =


zγγ/(1−γ)

(1−b/v)γ 0 ≤ b < v(1− γ1/(1−γ)z1/γ)

1 v(1− γ1/(1−γ)z1/γ) ≤ b.

Again letting x = zγγ/(1−γ), the inverse allocation rule t can be computed as:

t(x) =

0 0 ≤ x < x

v(1− z1/γγ1/(1−γ)

x1/γ
) x ≤ x ≤ 1.

The agent is indifferent over all bids less than v(1 − γ1/(1−γ)z1/γ). In particular,

from equation (48), we can compute the utility for such a bid as:

(v − b)x̃(b) + (1− γ)

∫ b

0

x̃(b†) db†

= (v − b) zγ
γ/(1−γ)

(1− b/v)γ
+ (1− γ)

∫ b

0

zγγ/(1−γ)

(1− b†/v)γ
db†

= (v − b) zγ
γ/(1−γ)

(1− b/v)γ
+ (1− γ)

zγγ/(1−γ)vγ

1− γ
(v1−γ − (v − b)1−γ)

= γγ/(1−γ)vz. (52)
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Meanwhile, the threshold surplus is:∫ z

0

t(x) dx =

∫ z

x

t(x) dx

=

∫ z

x

v
(

1− z1/γγ1/(1−γ)

x1/γ

)
dx

= vx
∣∣∣z
x
− vz1/γγ1/(1−γ)x1−1/γ

1− 1/γ

∣∣∣z
x

= vx
∣∣∣z
zγγ/(1−γ)

− vz1/γγ1/(1−γ)x1−1/γ

1− 1/γ

∣∣∣z
zγγ/(1−γ)

= (1− γγ/(1−γ))vz − vz1/γγ1/(1−γ)x1−1/γ

1− 1/γ

∣∣∣z
zγγ/(1−γ)

= (1− γγ/(1−γ))vz − γ1/(1−γ)vz. (53)

Combining (52) and (53), we get:

u+

∫ z

0

t(x) dx = γγ/(1−γ)vz + (1− γγ/(1−γ))vz − γ1/(1−γ)vz = (1− γ1/(1−γ))vz.

This is matches the lower bound (51) exactly.
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